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Chapter 1

A Brief Survey of the Literature



1.1 Introduction

The survey of literature is a major issue in taking up the research work in any
discipline. For proposed work we have substantially ventured to go through the
celebrated work of some eminent Mathematician around the globe for the past

status of the work done on the subject the work available in literature.

Special functions and their applications are now awe-inspiring in their scope,
variety and depth. Not only in their rapid growth in pure Mathematics and
its applications to the traditional fields of Physics, Engineering and Statistics
but in new fields of applications like Behavioral Science, Optimization, Biology,

Environmental Science and Economics, etc. they are emerging.

The solution of many problems related to the various areas of Science (Theoret-
ical and Experimental Physics), Mathematical Analysis, Applied Mathematics
and Cybernetic Technology, etc. is reduced to the calculations of definite and in-
definite integrals or to the summation of series containing elementary and special

functions.

The Special function of Mathematical Physics appear often in solving partial
differential equations by the method of separation of variables or in finding eigen

functions of differential operators in certain curvilinear system of co-ordinates.

A special function is a real or complex valued function of one or more real
or complex variables which is specified so completely that its numerical values
could in principle be tabulated. Besides elementary functions such as z", e*,
¢n(z), and sin z, higher functions, both transcendental (such as Bessel functions)
and algebraic (such as various polynomials) come under the category of special
functions. In fact special functions are solutions of a wide class of mathematically
and physically relevant functional equations. As far as the origin of special
functions is concerned the special function of mathematical physics arises in

the solution of partial differential equations governing the behavior of certain

physical quantities.

Special functions have been used for several centuries, since they have numerous



applications in astronomy, trigonometric functions which have been studied for
over a thousand years. Even the series expansions for sine and cosine, as well as
the arc tangent were known for long time ago from the fourteen century. Since
then the subject of special functions has been continuously developed with con-
tribution of several mathematicians including Euler, Legendre, Laplace, Gauss,
Kummer, Riemann and Ramanujan. In the past several years the discoveries of
new special functions and applications of this kind of functions to new areas of

mathematics have initiated a great interest of this field.

In recent years, particular cases of long familiar special functions have been
clearly defined and applied as orthogonal polynomials. The adjective special is
used in this connection because here we are not, as in analysis, concerned with
the general properties of functions, but only with the properties of functions

which arise in the solution of special problems.

The study of special functions grew up with the calculus and is consequently one
of the oldest branches of analysis. It flourished in the nineteenth century as part
of the theory of complex variables. In the second half of the twentieth century it
has received a new impetus from a connection with Lie groups and a connection

with averages of elementary functions.

The history of special functions is closely tied to the problem of terrestrial and
celestial mechanics that were solved in the eighteenth and nineteenth centuries,
the boundary - value problems of electromagnetism and heat in the nineteenth,

and the eigenvalue problems of quantum mechanics in the twentieth.

Seventeenth-century England was the birthplace of special functions. John Wallis
at Oxford took two first steps towards the theory of the gamma function long
before Euler reached it. Euler found most of the major properties of the Gamma
functions around 1730. In 1772 Euler evaluated the Beta-function integral in
terms of the gamma function. Only the duplication and multiplication theorems
remained to be discovered by Legendre and Gauss, respectively, early in the next

century.

A major development was the theory of hypergeometric series which began in a



systematic way (although some important results had been found by Euler and
Pfaff) with Gausss memoir on the oF) series in 1812, a memoir which was a
landmark also on the path towards rigour in mathematics. The 3F5 series was
studied by Clausen (1928) and the  F; series by Kummer (1836). The functions
which Bessel considered in his memoir of 1824 are ¢F) series; Bessel started
from a problem in orbital mechanics, but the functions have found a place in
every branch of mathematical physics, near the end of the century Appell (1880)
introduced hypergeometric functions of two variables, and Lauricella generalized

them to several variables in 1893.

This chapter attempts to give an introduction to the topic of study and brief
survey of the contributions made by some of the earlier workers in this field.
It shall not be our endeavour to give a complete chronological survey of all the
developments in this field but shall mention only those relevant to the present

work.

The present thesis is influenced by the work of Abramowitz-Stegun [1], Alassar
[3], Alhaidari [4], Andrews [8], Andrews-Larry [9], Andrews L. C. [10], Appell-
Kampé [12], Askey-Gasper [13], Bailey [17], Barr [19], Bateman [20-22], Bell
[24], Brychkov [29], Burchnall-Chaundy [30], Carlitz [31], Carlson [36-38], Chan-
del [43], Chandel etal. [44], Chaudhary etal. [52], Chhabra-Rusia [57], Co-
hen [58,59], Cossar-Erdélyi [60], Delerue [76], Deshpande [77-78], Deshpande-
Bhise [79], Dickinson-Warsi [82], Doetsch [84], Erdélyi [87, 88, 90], Erdélyi etal.
[91-95], Exton [98, 105, 107, 109, 110], Fasenmyer-Celine [111,112], Feldheim
[113], Fujiwara [115], Gauss [116], Gould [117], Gould-Hopper [118], Gradshteyn
and Ryzhik [119], Gupta [120], Hdi etal. [122], Hansen [123], Henrici [124],
Horn [129-131], Humbert [132, 135], Jain [136], Kampé de Fériet [139], Karlsson
[143, 144, 146], Karlsson etal. [151], Khan, I. A. [153-157], Khan-Shukla [165,
167, 168], Khan, M. S. [169], Khandekar [171], Kéimmer [176], Lauricella [178],
Lavoie etal. [180], Lebedev [182], Luke [184-185], Magnus etal. [188], Manocha,
B. L. [189], Manocha, H. L. [190-192], Manocha-Sharma [193-195], Marichev
[196], Mathai-Saxena [197], Mayr [198], Meijer [200-202], Miller [207], Nixon
[210], Oberhettinger-Badii [211], Oldham-Spanier [212], Olver [213], Pasternack



[215], Pathan [216], Pathan etal. [219], Pathan-Yasmeen [223-224], Pearce-Potts
[226], Prudnikov etal. [235-237], Qureshi-Ahmed [239], Qureshi etal. [243, 245,
249], Qureshi-Yasmeen [248], Ragab [250], Rainville [252], Rice[253], Roberts-
Kaufman [254], Saran [257-261], Schldfli [262], Sharma, B.L. [264-266], Sharma
etal. [267], Shrivastava, H. S. P. [271, 273, 274, 281, 283, 284, 286-288], Slater
[293], Sneddon [294], Srivastava, H. M. [296-299, 301-304, 309, 312, 315], Srivastava-
Daoust [319, 320], Srivastava-Exton [322], Srivastava-Karlsson [324], Srivastava-
Manocha [326], Srivastava-Panda [328], Srivastava-Pathan [329, 330], Srivastava-
Singhal [332], Szego [333], Thakare [334], Thompson [335], Watson [336], Whit-
taker [337], Widder [338].

1.2 Gamma Function, Pochhammer Symbols and

Associated Results

Throughout the present work, we use the following standard notations:
N:={1,2,3,...}, Ng:={0,1,2,3,...} =NU{0} and Z~ :={-1,-2,-3,...} =
Zy \{0}-

Here, as usual, Z denotes the set of integers, R denotes the set of real numbers,

R* denotes the set of positive real numbers and C denotes the set of complex

numbers.

The Gamma Function:
The Gamma function, introduced by Euler in 1720 when he solved the problem

of extending the factorial function to all real or complex numbers, is defined as
r(z) = / T ety R(z) >0 (1.2.1)
0
Using (1.2.1), simple integration by parts, we get a recurrence relation
I'(z+1)=2TI(2) (1.2.2)
From (1.2.2), we get another useful result

F(n+1) = nl n=0,1,2,3,... (1.2.3)



Therefore Gamma function is the generalization of factorial function. The Gamma

function has several equivalent definitions, most of which are due to Euler.

FEuler’s Infinite Product:
Euler’s infinite product is defined as
1 1\* 2\ 1
T(z) = - 14+~ (1 —) 1.2.4
a0 () e

Weierstrass Infinite Product:

1 ~ z z
— = vz —Je
e Hl { (1 + n)e } (1.2.5)
where v =Euler-Mascheroni constant = 0.577215664901532860606512
—dim (14t i (1.2.6)
y= am +§+§ et nn 2.
—y=T1"(1) = / e 'In(t)dt (1.2.7)
0

Gauss’s Limit Formula:

n! n?
I'(z) = 1 : 0,—1,-2, ... 1.2.8
(2) nlnooz(z+1)(z+2)...(z+n)’ 270,712 ( )
If 2 =0,—1,-2,... then |[I'(z)| = oo or equivalently 5 =0
Reflection Formula of Gamma Function:
T
'zl -z = = —zI'(x)'(- 1.2.9
B0 -2)= is= 2 TEI-2) (129)
where z #£ 0, +1,4+2,.. ..
Gauss Function:
[(z) =T(z+1) (1.2.10)

The Pochhammer Symbol:
The Pochhammer symbol (or the shifted factorial) (A\), (A, v € C) is defined, in

terms of the familiar Gamma function, by

(Mw=FM+”L: 1 (v =0; X € C\{0}) (1.2.11)

I'(A) AMA+1)...A+n—1) (r=neN;xeC)

6



it is being understood conventionally that (0)g = 1 and assumed tacitly that
the Gamma quotient exists.

Algebraic properties of Pochhammer’s symbol

(@)p+q = (@)p(a+p)g = (a)g(a+ q)p (1.2.12)
(b)_p, = (i__lz; . (b#£0,£1,42,43,... and k=1,2,3,...) (1.2.13)
(n—k)! = (_(1_)25")', 0<k<n) (1.2.14)

Binomial Coefficient:

<Z) - (r)!ég)i ST (—1)(;()!—71)74’ (O<r<mn (1.2.15)

Gauss’s Multiplication Theorem for the Product of Gamma Functions:

[252, p.26 Th. 10; 326, p.23 (27)]

(mz) = (QW)I’T’”mWZ*%)F(z)F (z + i) r (z + 3) I <z + m__l)

where m = 1,2,3,... and mz € C\Z, .

Gauss’s Multiplication Theorem for the Product of Pochhammer Sym-

bols: [326, p.23(26)]

n

(A)mn = mm”ﬁ (%) (1.2.17)

where n =0,1,2,3,..., m=1,2,3,...

In particular, we have

(2n)! = 27" (%) n! and (2n+1)! =2*" (;) n! (1.2.18)

n

Legendre’s Duplication Formula:

V(7)) T(22) = 227V (2)T (z + %) (1.2.19)

where 2z € C\Z,



Triplication Formula:
! 2
or T(32) = 3(3-2) ()T (z + —) r (Z + —) (1.2.20)

where 3z € C\Z,

Psi Function (Digamma Function):

F/
W(z) = F((ZZ)) (1.2.21)
_ nT(a+n)
S VR (12.22)
Polygamma Functions:
Y™ (z) = 4 (2) (1.2.23)
dz"

Fractional Calculus:

Fractional calculus is the field of mathematical analysis, which deals with the
investigation of integrals and derivatives of arbitrary order may be real or com-
plex. The concept of fractional differintegral is an extension to the meaning of
integration and differentiation from the integral order n of the operator J‘i—nn to
an arbitrary order. In the initial stage of extension of meaning, the order n
was taken to be a fraction and therefore this topic is also popularly known as
fractional calculus. The well known monographs of Oldham and Spanier, Miller
and Ross, Ross, Samko, Kilbas and Marichev and Nishimoto etc. provide a good

account of fractional calculus.

The fractional integral of a function f(x) is generally defined by the integral

1

D2 @] = 73

/ (z—t)" " f(t)dt, R¥)>0 (1.2.24)
which is known as the Riemann-Liouville fractional integration of order v.

The simplest approach to a definition of a fractional derivative commences with

the formula
dOé
%{eax} = Di{e*} = a%e™”, (1.2.25)



where « is an arbitrary (real or complex) number.

)

The fractional derivative operator D is an extension of the familiar derivative

operator D (n being a positive integer), to arbitrary (integer, rational, irra-
tional and complex) values of b. The development of fractional derivative opera-
tors is receiving keen attention from many researchers presently. In particular, see
for example, the work of Lavoie, et al. [180], Manocha [190], Manocha-Sharma
[193, 194, 195], Oldham-Spanier [212], Sharma-Abiodun [267] and Deshpande
[77]. In 1731, Euler extended the derivative formula in the following form.

F(A + 1) A—n

DAY= A=1)...(A=n+1) ZA_”:mz ,

(n=0,1,2,...)

Let DY denotes the operator of fractional derivative having the arbitrary order

b. The Riemann-Liouville fractional derivative of the power function holds that

DY) = o (I;(i) 3 2ot (1.2.26)
(a,a—be C\Zy)

The literature contains many examples of the use of fractional derivatives in the
theory of hypergeometric functions, in solving ordinary and partial differential

equations and integral equations.

1.3 Ordinary Generalized Hypergeometric Func-

tion of One Variable

A series which was beyond the ordinary geometric series
1+z+22+22+... (1.3.1)

is called hypergeometric series. This term was first used by John Wallis in (1655),

in his work “ Arithmetica Infinitorum”. In particular, he studied the series

l+a+a(a+1)+ala+1)(a+2)+... (1.3.2)

9



After J. Wallis, many other mathematicians studied the same series, notably
the Swiss Mathematician L. Euler and others but it was C.F. Gauss, a famous
German Mathematician who in (1812) studied the infinite series which is the
generalization of the elementary geometric series and popularly known as Gauss

hypergeometric series.

1.3.1 Power Series Form and Convergence Conditions

The generalized hypergeometric function of one variable with p numerator pa-

rameters and ¢ denominator parameters is defined by [326, p.42(1)]

05170527"'705;7; i(al)n(QQ)n”'(ap)n "

vEq 2l =

/617/827"'7/6(1; n=0 (Bl)n (62)71 (BQ)n n! (133)
:qu(ozl,%,...,ocp;ﬁl,BQ...,ﬁq;z)

Here p and ¢ are positive integers or zero (interpreting an empty product as 1),

and we assume that the variable z, the numerator parameters a,, v, ..., a, and
the denominator parameters 3,3, ..., 3, take on complex values, provided that
Bj #0,-1,-2,...; j=1,2,...,q

Supposing that none of the numerator parameters is zero or a negative integer
(otherwise the question of convergence will not arise), and with the usual restric-
tion, the ,F} series in (1.3.3)

(i) converges for |z| < oo if p < g,

(ii) converges for |z| < 1,if p=¢q+ 1,

(iii) diverges for all z, 2 £ 0, if p > g + 1.
Further, if we set
q p
w=Y 8-> aj (1.3.4)
j=1 j=1

It is known that the ,F} series, with p = ¢+ 1, is

(I) absolutely convergent for |z| = 1, if ®(w) > 0,

(IT) conditionally convergent for |z| =1, |z| # 1, if =1 < R(w) <0,
(III)  divergent for |z| = 1, if R(w) < —1.

10



The Gauss hypergeometric function [326, p.29 (1.2.4)] is defined by the power

series

TL

o Fila, b; c; 2] Z In (lz] <1; a,b,c#0,—1,—-2,...) (1.3.5)

)
(c) n'
n=0 n

When a = —p (p being a positive integer) then we get a hypergeometric polyno-

mial in terminating form

21 [—p,bic; 2] = (EP)n(b)n 2 (bye#0,—1,-2,...)

|7
—~ (o n

When @ = —p and b = —q (p, ¢ being positive integers) then we obtain a

hypergeometric polynomial in another terminating form

min(p,q) <_p)n(—Q)n o
2Fi[—p,—gic 2] = ) e (e #0212, )

n=0 <C)n
Gauss’s Summation Theorem: [252, p.49 (Th. 18)]

a,b; _I'(e'(c—a—b)
2 F1 L = Tle—al(c—b) (1.3.6)

where Re(c—a—b) >0and ¢ #0,—1,-2,...

Binomial Theorem:

In terms of hypergeometric function

o0

o a; tr
(1—1t)"=F t :Z(a)na, It <1 (1.3.7)

- n=0
An important special case when p = ¢ = 1, the above equation reduces to the

confluent hypergeometric series ; /1 named as Kummer’s series given by

e fi2) = D0 5 (@)

n=0

n

t\z

(1.3.8)

n!

1.3.2 Mellin-Barnes type Contour Integral Representa-

tion for ,F}

Mellin-Barnes integrals contain a group of products and quotients of gamma

functions in the integrand. They were first introduced in 1888 by Pincherle

11



[227]. Their theory was developed and put on a firm footing through the works
of Barnes[18] in 1907 and Mellin [204] in 1910. Dixon and Ferrar [83] in 1936
also made valuable contributions for further advancement of these integrals. A
typical Mellin-Barnes integral according to celebrated monograph [91, p.49 (1)]

18

”Fa]—i—As”Fb—Bs
e s 1.3.
f(2) T - 7 2% ds (1.3.9)

LT+ Ci9) [[T(d; - Dys)
j=1 j=1

where details about the nature of contour L. and other parameters can be referred

in the monograph [91, p.49] and w = /(—1).

The generalized hypergeometric function [252, p.100 Th. 35 and p.102 Th. 36]
is defined by means of Mellin-Barnes type contour integral in the following form,

when p < ¢+ 1 then

I'(a)(ag) ... T'(ay) 7 QO ey O

PO TG 5.5, .8
1 [ (TN 4O, T(ay + &)
= 2w / TG +0.. TG+ © (1.3.10)

where L is a suitable Mellin-Barnes path of integration [See 252, p. 95 figure
(5), p. 98 figure(6)]and oy, B; € C\Zy, {i = 1,2,3,...,p,7=1,2,3,...,¢} and
w=+/-1,2#0.

When p = ¢+ 1 then |arg(—=z)| < 7 and suppose that |z| < 1.

When p = ¢ then |arg(—z)| < § i.e. R(z) <O.

When p < ¢ then equation (1.3.10) is also valid.

1.4 Meijer’s G-Function of One Variable

In 1946 through a series of papers, Meijer [203] extensively studied and developed
a special case of the integral (1.3.9), by taking all the coefficient of s equal to
1 in the gamma functions occurring therein. This function is well known in the

literature as Meijer G-function.

12



The G-function has acquired great popularly in the past sixty years. Its impor-
tance mainly lies in the fact that many of special functions useful in sciences and
engineering notably, Bessel, Whittaker, Gauss hypergeometric, confluent hyper-
geometric, generalized hypergeometric functions, their combinations and other
related functions, follow as special cases of the G-function. The reference [91,
pp. 215-222] contains 75 such formulae expressing known functions by means of

the G-symbol.

1.4.1 Mellin-Barnes type Contour Integral Representa-

tion for G-Function

In an attempt to give a meaning to the symbol ,F,, when p > ¢ + 1, Meijer in-
troduced the G-function into Mathematical Analysis. Firstly the G-function was
defined by Meijer [200] in the year 1936 by means of a finite series of generalized
hypergeometric functions. Later on the Meijer’s G-function of order (m,n,p, q)
was defined by means of Mellin-Barnes type contour integral formula [91, p.207
(5.3.1); see also 184, p.143 (5.2.1); 197, p.2 (1.1.1, 1.1.3); 201, p.83; 202, p.1064
(21)], in the following form

Gz’;r;’n a17a2,...7an;an+1’...,ap
blabQ,...7bm;bm+1,...,bq
Hr(bj _5>HF(1 —aj + )
1 . L
= — Jj=1 Jj=1 S ds (1.4.1)
2mw q I
Lo H F(l — bj + 3) H F(aj - S)
j=m+1 j=n+1

(ap—b; #1,2,...; k=1,2,...,nand j=1,2,...,m)

where 0 < m < ¢,0 < n < p;z# 0 and Ly is a suitable contour (See three
cases of contour in the monographs [91, p.207 (2,3,4); 184, p.144 (2,3,4); 235,

p.617 (1,2,3,4)]) and an empty product is interpreted as 1 and the parameters

are such that no pole of I'(b; — s), j =1,2,...,m coincides with any pole of
I(1—ar+s), k=1,2,...,n. Without any loss of generality, we are assuming
that p <q.

13



There are three different paths Lo of integration:

(1) Ly runs from —ioco to ioco so that all poles of I'(b; —s), j =1,2,...m lie to
the right of the path and all the poles of I'(1 — ay +s), &k =1,2,...n, lie to
the left of the path Ls. The integral converges if p4+q < 2(m+n) and |arg(z)| <
(m +n— g - g) . If larg(z)| = <m +n— g — g) 7 > 0 the integral converges
absolutely when p = ¢, if R[by +ba+ ...+ b, —a1 —as — ... —ap] < —1

(2) Ly is a loop starting and ending at +oo and encircling all poles of I'(b; —
s), 7 = 1,2,...m, once in the negative direction, but none of the poles of
I'(1—ax+s), k=1,2,...n. The integral converges if ¢ > 1 and either p < ¢
or (p=gqand |z] <1).

(3) Ly is a loop starting and ending at —oo and encircling all poles of I'(1 —ay+s),
k =1,2,...n, once in the positive direction, but none of the poles I'(b; —s), j =

1,2,...m. The integral converges if p > 1 and either p > g or (p = g and |z| > 1).

We shall always assume that the values of the parameters and of the variable x
are such that at least one of the three conditions (1), (2), (3) makes sense. In
cases when more than one of these conditions make sense, they lead to the same

result so that there will be no ambiguity involved.

If in the definition of the G-function, the integrand only has factors with parame-

(ap)

ters (bg) or only with (ay), then the notation ng;’ z or Gg:g
(bg)
is used.

The G-function is symmetric with respect to order of the parameters in four

groups ai, ag, ..., 0n ;  Qpily---50p; 1,02, 0 by s by, ..., by individually.

If no pair among the parameters by, b, . . ., b,, may differ by an integer or zero (i.e.
all poles are of the first order) then Meijer’s function G"(2) can be expressed
as a sum of m-generalized hypergeometric functions ,F,_; ((—1)’~™"z) under

the condition (p < ¢ and for all finite values of z) or (p = ¢ and |z| < 1).

If no pair among the parameters aq, as, . . ., a,, may differ by an integer or zero (i.e.
all poles are of the first order) then Meijer’s function G"(2) can be expressed
qg—m—n —1

as a sum of n-generalized hypergeometric functions ,F,_; ((—1) z ) under

the condition (p > ¢ and for all finite values of z) or (p = ¢ and |z| > 1).

14



If one (or more) pair among the parameters ay,as, ..., a, or by, by, ..., b, may
differ by an integer or zero then Logarithmic forms of the G-function occur due
to the appearance of the poles of the higher order than unity, in the integrand
of contour integral (1.4.1).

If p < qorp=gqlz <1 then G)7 |2 =0, when p > g or p =

(bq)
(ap)

q and |z| > 1 then Ggfgzo z = 0 MacRobert’s E-function never gained
(bg)

wide acceptance in the literature, mostly because it was found to be a special

case of the Meijer’s G-function.

17017027 , C

-5 Cq

2 (1.4.2)
a1,0a2,...,0p

. . . — (1
E(p;ar,az,...,a,:qc1,00,...,¢0:2) =GP,

1.4.2 Properties of G-Function

Property for cancellation of the numerator and denominator parameters

A1,Q2; .. .50p, Apt1; - -5 Ap 1 A2,0A3; ..., Qn; Ap41; - - -
Goa' | # =Gl | 2
bl, bg, Ce ,bm, bm+1, e ,bq_l, aq bl, bg, Ce >bm7 bm+17 .
(1.4.3)
where n,p,q > 1.
o 1,02, ..., 0n, Aty - - - Gp_1, D1 1 A1, G2, .« .y Cpy Gpity - -
bi,ba, ... by, b1, - -, by bo, b3, ... by, b1y - e
(1.4.4)
where m,p,q > 1.
Translation property [202, p.1066 (24)]
o Amn a1,0a2,...,0n,0p41,-..,0p
272G
blabQ)"'abWHbm-f-l?"'abq
o ay+o,a2+0,...,0, +0,0p41+0,...,0p+ 0
= Gp,(} (1.4.5)

by +o,by+o0,...,0p +0,bp1+0,...,0,+0

15
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Symmetric property (Transformation formula)

a1, a2, ...,0p, dpy1,---,0p
bluan"'7bm7bm+17"'7bq

m,n
GP q

o 1 ]_—bl,l—bg,...,l—bm,l—bm+1,...71—bq
=G = (1.4.6)

z
l—a,1—ag,....1—-ay,1—-ap41,...,1—q,

Properties of G-function [119, p.1034, (9.31.4)]

Gmn 1,02, .y Oy, gty oy Gy, L =1
ptlg+l | 7
Oablab27---abmabm-i-lv"'abq
1—7ra1,a Qp, Q a
o r ~ymn+1 y U1, W25« ooy Uny Untly .- -5 Up

b1, b2 o by b, - by, 1

where r =0,1,2,.. ..

Reduction formula between ,F;, and G-functions [91, p.215 (5.6.1); 326, p.47 (9)],
is given by when p < g+ 1, then

F(al)F(CLQ)...F(CLp> F a1,02,...,0p; 5 _Gl’p s ]_—CL1,1 _a2a"'71 — Qp
- ,q+1
PO (b2) - T(0g) ™ " | 5, by, by Pt 0,1—by,1—by,....,1—b,
1 1,b1,62,...,b —ay, —az,...,—a
~ Gt | - ) = ate |- p
a1,0d2,...,0p —17—b17—b27...,—bq
(1.4.8)

where (p < g and |z| < o0) or (p =g+ 1 and |z] < 1).
Thus every special function expressible in terms of the ,F;, function is automat-

ically contained in the G - function.

1.5 Fox-Wright Generalized Hypergeometric Func-

tion of One Variable

In 1933, E. M. Wright defined a more interesting generalized hypergeometric
function of one variable [324, p.21(1.2.38, 1.2.40); 326, pp. 50-51(1.5.21), p.179

16



(34iii), p.395 (23)] and further generalizations of the series ,F;, were given by
Fox[114] and Wright [339, p.287; 340].

(QI,AI),...,(QP,Ap>; 5 _Z
2y (B By (B B - L'(By + Bin)l'(Ba + Ban) .. .I'(By + Byn) n!

n=0
1, p (1-0&1,141), S (1-0[;,,14;,)
- Hp7q+1 -z
(0,1)(1 = B4, By),...,(1 =B, B,)
(1.5.1)
where the coefficients Ay, Ay, ..., Ay, By, Bo, ..., B, are positive numbers and
1, g, .oy O, B, Pa, .., By are complex parameters. The function HJW" was

given by C. Fox [114] in 1961 and Braaksma [27, p.278] gave the convergence

condition.
((op, Ap)); (a1, A1), (0, Ap); X (1) pa, - (Q)pa, 2
p\I/Z z| = p\IJ; z| = PZ_
(B By)); (Bi, B). ..., By, By); Z B, -+ (Ba)up, !

(1.5.2)
The Fox’s H-function on the RHS of (1.5.1) makes sense when either
d=1+Bi+By+...+B) — (A +A+...+4,)>0

and

0<|z|<o0; 2#0

The equality holds only for suitably constrained values of |z| or appropriately

bounded || d.e. § =0and0 < |z| < R= A, Ay, A, B P B,5 . B

HP(O‘J)
o, ((ozl,li,...,iozp,l;, . :j? o at, ..., Qp; . (153)
51717--'75(171; F(ﬁ) 61%"75@
jl;[1 )

1.6 Truncated Ordinary Hypergeometric Series

The truncated generalized Gaussian hypergeometric function of one variable is

defined by:

mEn (am);y to (i + 1) terms = ,, F, (am);y = i M (1.6.1)

(bn); (by): = [(bn)]k K!
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where the suffix 7 indicates that only first (i + 1) terms of the F series are to
be included in the expansion [34, p.437; 179, pp. 349-350; 181, p. 394(2); 205,
p. 792; 206, p.430; 293, pp.83-84 (2.6.1.1, 2.6.1.7, 2.6.1.9)] and (h,.) represents
the array of r parameters given by hy, ho, ..., h;[(h.)], means the product of r

Pochhammer’s symbols (h1),(h2),, - . . (h)

P

1.7 Bilateral Hypergeometric Function

A further generalization of the hypergeometric series is provided in the form of
the bilateral hypergeometric series (also called Dirichlet series or Laurent series).
Though a few scattered result for what we now call the ordinary bilateral hyper-
geometric series were given by Dougall [86], yet a systematic study of such series

was made first Bailey [16] in 1936.

The values of numerator and denominator parameters are adjusted in such away
that each term of the following two F series [293, p.180 (6.1.1.2,6.1.1.3); see also
16; 3] is well-defined, then

> (a1),(az), ... (aa), 2" > [(aa),] 2" (aa); ,
Z@Q (01),(ba), - (), Z@Q (R R
N (™"
1—(aa); 7
(- ﬁ(l —bi) ‘ 5
= an1fp (aA)>71’ z| + " =l B+1F4 2_51)3;’1’ (_liA
B) zH(l—aJ) Al

(1.7.1)

(i) The bilateral series 4 Hp is divergent, when B # A.
(ii) The bilateral series 4 Hp is convergent, when B = A and |z| = 1. The function
aH 4 is defined for all real and complex values of numerator and denominator

parameters except zero or integers and for all values of variable z such that

|z| = 1.
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(iii) The bilateral series 4H 4 is convergent, when
ROy +ba+...+bs—a; —ag—...—as)>1and z = 1.
(iv) The bilateral series 4H4 is convergent, when

0<ROb+be+...+bs—a;—ay—...—ay) <land z = —1.

1.8 Appell’s Double Hypergeometric Functions

The Appell’s double hypergeometric function of first kind F; [105, p.23 (1.4.1);
326, p.53 (4)] is given by

o

. _ (@)min(D)m(c)n 2™ y"
Fl[CL?ba G daxay] _m;() (d)ern %ﬁ (181)
o (a)m(b)m a—+m,c; rm
Fl[a,b,c;d;x,y] = —2F1 Yl — mam{|x|,|y|} <1
mzzzo (d)m d+ m; m!
(1.8.2)

The Appell’s double hypergeometric function of second kind F; [326, p.53 (5)]

- (@)min(D)m(C)n ™ y"

Fyla,b,c;d, g; = — = 1.8.
2[0’7 y G 7g7'r7y] m;:O (d>m(g " m| TL' ( 8 3)
(@) (b)m a+m,c; x™
Fya,b,c;d, g;x,y] :ZWQE , Y| {z[+yl} <1
m=0 m ; ’
(1.8.4)

The Appell’s double hypergeometric function of third kind F3 [326, p.53 (6)]

= (@)m(D)n(c)m(d)n 2™ y"

F3[CL, b) ¢, dagaxay] = ZO (g)m+n %m (185)
2 (@) m b, d; ™
Flobedigiag] = 3 0, g S0 max{lal, )} <1
m=0 9)m g + m;
(1.8.6)
The Appell’s function of fourth kind Fy [326, p.53, (7)] is defined by
- (@)min(D)min 2™ y"
Fyla, b; e d; = —_— 7 1.8.7
4[@, ; C, 75[;73/] m;zo (C)m<d>n m‘ n| ( )
Fila,b;e,d;xz,y] = ;Wgﬂ . Y (1.8.8)
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(\/|x|+\/|y|<17 a,b,c,d;éO,—l,—Q,...)

When a = —r (r being a positive intger) then we have Appell’s polynomial of
fourth kind

Fi[-ribie,dsz,yl = ) Ol x_y— (b;c,d#0,=1,=2,..)

(1.8.9)

1.9 Humbert’s Double Hypergeometric Func-

tions

Seven confluent forms of four Appell functions were defined in 1920 by P. Hum-

bert [133]; see also [326, p.58 (36), (37), (40), (41), (42), (43), (44)]

o0

(@)r4s(b)r 2"y
®qla, b; c; = — = 1.9.1
1[&, 7071)7y] T;O (C)r+s rl gl ( )
where |z| <1, |y| < o0
— (O)e(0)s 2"y
by\b, c; d; = 1.9.2
lbedia) =, op T (192)
where |z| < 00, |y| < o0
R o (b)r x" y
Balbidiay) = ) o= (1.9.3)
r,s=0 rTs
where |z] < 00,  |y| < o0.
— (@)ris(b), 2" ys
\III[G’J b? C? d?'r?y] - Z (C)+( ) 7”‘ S' (194)
r,5=0 $
where |z| <1, |y| < oc.
. . o - (a>r+s x” y
\112[0“7 C, dﬂny] - Z (C)r,-(d) T' 8' (195)
r,5=0
where |z] < 00, |y| < 0.
= - (a)r(b)s(c)r 2" y°
Zila, b, c;dy v, y] = Z (e s (1.9.6)
r50 r+s r.S:
where |z| <1, |y| < oc.
- (@) (0)r 2"y
=ola, b; c; = — 1.9.7
2[@, ;C;xay] nszzo (C>r+s rl gl ( )
where |z| <1, |y| < oc.
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1.10 Kampé de Fériet’s Double Hypergeomet-

ric Functions

Kampé de Fériet’s double hypergeometric function of higher order in the modified
notation of Srivastava and Panda [328, pp. 423(26), 424(27)], is given by

p q k
0o H az r+s H(bz)r H(d s
pig;k (ap) = (bg); (dk); i=1 i=1 i=1 Yy
F! => —Z (1.10.1)
() (em): (ha)i by o T
gz r+s H(ei)r H(h )
i=1 =1 =1
where (a,) abbreviates the array of p parameters given by ay,as,...,a, with

similar interpretations for (b,), (dx) et cetera and for convergence of double hy-
pergeometric series(1.10.1), we have
(p+qg<j+m+Lp+tk<j+n+1,|z] <ooand |yl <ooor
(i)p+qg=j+m+1,p+k=75+n+1, and

75 + |yl75 <1 if p>
max{|z|,|y|} <1, if p<j

The Appell’'s double hypergeometric functions Fj, F», F3 and Fjy [91, p.224
(5.7.1.6,....,5.7.1.9)] are denoted by Fllfol;;ol, F,; 11, Flo00 and Fozfﬁf respectively.

1.11 Exton’s Double Hypergeometric Functions

In 1979, Exton [107, p.339(13)] defined the following double hypergeometric func-
tion
pABCD (aa) : (bp); (cc); (dp);

)
PEMN o)+ (g0 mar)s ()i

R L

22+] [(9¢) i+ [(mar)]; [(n )] 7! ?

Making suitable adJustments in the numbers of numerator and denominator pa-

rameters of (1.11.1), we obtain Kampé de Fériet double hypergeometric function

328, p.423 (26); see also 329, p.23 (1.2,1.3); 330] given by Fioy/n = Ao
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an additional double hypergeometric function of Exton [109, p.137 (1.2)] given by
ng\c;?v =K ’é%ﬁ?\,, Appell’s four double hypergeometric functions [91, p.224
(6,7,8,9)] F1, F, F3, Fy. Humbert’s double hypergeometric functions [91, pp.225-
226 (20,21,22,23,24,25,26); see also 105; 324] &1, &y, &y, U,, Uy, B, By, Horn's
non-confluent double hypergeometric functions [91, p.225 (15,16)] Hs and Hy
and its confluent double hypergeometric functions [91, p.226 (34,35); see also

130] Hg and Hy respectively.

In 1982, Exton [109, p.137 (1.2)] defined the following double hypergeometric

wap | @0 0 T & [0 [B5)) ()] 2™
AeeH (en) : (0e)s )i _m;() [(e)) 2 rn [(96)],, [(Rir)],, Ml 0l

(1.11.2)
which is the generalization and unification of Horn’s non-confluent double hyper-
geometric function[91, p.225 (16); see also 129; 130; 131] Hy and Horn’s confluent
double hypergeometric function [91, p.226 (35); see also 131] Hy.

In 1984, Exton [110, p.113 (1.2)] defined the double hypergeometric series of sec-
ond order. The series is quite similar to one obtained by Kampé de Fériet in the
year 1921 and is a generalization of Horn’s non-confluent double hypergeometric
functions Go, Hs [91, pp.224-225 (11,14)] and confluent hypergeometric functions
I',,T's, Hy, Hs, Hy, H5 and Hy; [91, pp.226-227 (27,28,30,31,32,33,39)].

A:B;D (GA) : (bB)7 (dD)7 X o - [(aA>]m—n [(bB)]m [(dD)]n ﬁﬁ
S OONINE ] IlD DI e s 775 i (7 WA
(1.11.3)

where (a4) and [(a4)],, ,, are defined in the same way as in the preceding section

with similar interpretations for others.
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1.12 Triple Hypergeometric Functions of Jain,

Exton’s and Srivastava

The triple hypergeometric function 3<1>§31> of Jain [136, p.396 (2.9)] is the gener-

alization of Humbert’s double hypergeometric function ®; and is defined by

> b),(c)s x" y® 2F
oDia b d _ V. (@rrsinl0)r(0) 27y 2 1121
35D [CL’b’ “ d’x7y’ Z] rsZk:O (d)r+s+k rl sl k! ( )

Other notations of 3CIDS) are @g) of Srivastava and Exton [322, p.373 (12,13), see
also 105, p.176 (5.10.9), 105, p.42 (2.1.1.3)] and Fp, of Exton [98, p.81].

(3) » _ N (@rrsir(0)r(0)s 27y 2
D) ab, e, —; d;z,y, 2] = E Doy 7L s (1.12.2)
r,8,k=0
(@) psik(b)r(c)s 2"y 2
F boe —d.d d — E _ 1.12.3
D1[a7a7a7 y G =5 @y @, ,.Z’,y,Z] = (d)r+s+k rl sl k! ( )

The triple hypergeometric function (135)3) of Exton [105, p.43 (2.1.1.5)] is the gener-
alization of Humbert’s double hypergeometric functions ®5 and ®3 and is defined

by

= b) " ys Zk‘
(13(3) a, b7 CT,Y, 2| = (CL)T( s Yy = 1124)
3 [ } r,;k:() (C)T+S+k rl sl k! (

1.13 Srivastava’s General Triple Hypergeomet-

ric Functions F©®)

Triple hypergeometric function F®) of Srivastava [301, p.428] is the unification
and generalization of fourteen Lauricella’s hypergeometric functions [178, pp.113-
114, p.150] Ff(lg), F S), Fg’), F g’) including Saran’s ten triple hypergeometric func-
tions [260, pp.293-294 (2.1,2.2,...,2.10); see also 143; 257; 258; 259; 261] Fp,
Fr, Fq, Fg, Fy, F, Fp, Fr, Fg, Fr, three additional functions Hy, Hg, H¢
of Srivastava [302, pp.99-100; see also 296; 297; 298; 299], Confluent triple hy-
pergeometric functions of Jain [136, p.396] and Exton [98, pp.80-81], extended
definition of Saran’s function Fy given by Sharma [264, p.613 (2)], Schlafli’s
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function [262], Mayr’s function [198, p.265], Manocha’s function [189, p.86; see
also 326, p.280 (29)] s, Erdélyi’s function [326, p.222 (19); see also 88; 303,
p.306 (2.3)] ), Erdélyi’s function [87, p.446 (7.2); see also 88] <1>§3), Humbert’s
function [132, p.429; see also 332, p.356 (7)] \1/53), Gupta’s function [120, p.169
(3.1); see also 326, p.240 (8); 312, p.401 (12)] Uk, Exton’s functions [105, p.43
(2.1.1.42.1.1.5)] &Y, 2¥ Carlson’s function of three variables [36, p.453 (2.1)]
R, Srivastava-Exton function [322, p.373 (12,13)] @g), Appell’s functions F},
Fy, Fs, Fy, Humbert’s confluent functions ®, ®,, &3, ¥, ¥y, B, 2y, Kampé de
Fériet’s function [139; see also 12, p.150 (29)] F4’5 in the notation of Burchnall
and Chaundy [30, p.112], generalized Kampé de Fériet function F2 c. I H in the
slightly modified notation of Srivastava and Panda, Exton’s function [105, p.89
(3.4.134.2)] (ER, ) Ef), Chandel’s function [43, p.120 (2.3); see also 44]
ES)E(C?’ ), generalized hypergeometric function of one variable 293, p.41 (2.1.1.3)]
4Fg, Gauss ordinary hypergeometric function [116] o F7, Kiéimmer’s confluent hy-
pergeometric function [176] 1 F;, Bessel function [326, p.37 (9)] oF1, Exponential
function [326, p.37 (10)] ¢Fp and Binomial function [326, p.44 (8)] 1 Fp etc. Triple

series F® is given by:

(aa) 2 (bg); (dp); (er) : (96); (hu); (IL);

F®) T, 2

(mar) == (nwv); (pp); (qQ) « (TR); (85); (t7);

. Z z+]+k [(bB)]H—j [(dD>]j+k [(eE)]k-i—i [(QG)L [(hH>]] [(ZL)]k x_y_ 2k
e Lma ]z+j+k ()i [P)] 1k [(20)] 1y ()]s [(s9)]; [(E2)] 2t 5! KL
(1.13.1)

where (a4) represents the array of A parameters given by ayas . .. a4 and [(aa)]itjtx
represents the (a1)i+j+k(a2)itjtk - - - (@4)itj+x with similar interpretations for oth-

€ers.

The triple hypergeometric series F'®) is convergent (169, pp.32-33; 57, p.156; 78,
p.40; 326, p.70 (41)], when

(

M+N+Q+R>A+B+FE+G

M+N+P+S>A+B+D+H

M+P+Q+T>A+D+E+L
\
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or equivalently

(

1+ M+N+Q+R-A-B-E-G>0

l1+M+N+P+S—A-B-D—-H>0

1+ M+P+Q+T—-A—-D—-FE—-L>0
\

where A, B, D, E, etc. are the non-negative integers and |z| < 1, |y| < 1 and

|z| < 1; but in case

;

I+ M+N+Q+R=A+B+E+G

1+ M+N+P+S=A+B+D+H

1+ M+P+Q+T=A+D+E+1L
\

then |z|, |y| and |z| are to be restricted in such a way that the series involved,

are either terminating or convergent.

1.14 Megumi Saigo’s General Quadruple Hy-

pergeometric Function F]S)

In 1988, M. Saigo defined a more general quadruple hypergeometric function
[256, p.15 (17); 255, pp.455-456 (16)] F4 (slightly modified notation) in the

following form:

(aa) ::(bp) 5(dp) 3(er); (9a)::(hm) 5 (mar) 5 (nn) 5 (pP); (@) 5 (rR):
F

(@' a)z:(V'p )5 (d'pr)s (€' 5)5 (9 )22 (B )5 (m )5 (/) (' pr)3 (0 )5 (77 e )

(ss) 3 (tr) s (uw); (ww);
Z, y, Z, C

(s's) 5 (t'rr) 5 (u'ur) 5 (w'w) 5

o0

_ Z [(aA)]i+j+k+Z[(bB)]i+j+k[(dD)]j+k+£[<€E)]k+€+i[(gG)]EJriJrj[(hH)]z’Jrj
4.4,k 0=0 [(a/A’)]i+j+k+£[(b/B’)]iJ,-j-t,-k[(d/D’)]j+k+€[(elE’)]k+€+i[(g/G’)]K+i+j[(h,H’)]i+j

[man)]i k[ [P [(00)] 1 [k (59) )i [(E0) ) [(w) L [ (ww )], 2 ¢ 2" f

NIRRT POjerl (@ Q)] 07 B Lo [(8" )L [ (8 )] [ (o) [(w'we )], @t gt k! 2
(1.14.1)
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It is the generalization and unification of Pathan’s quadruple hypergeometric
function F' 1(34), Srivastava’s quadruple hypergeometric function F@, Quadruple
hypergeometric functions of Bhati-Purohit [25,26], Chandel-Agarwal-Kumar [46]
and Sharma-Parihar [268,269)] etc.

1.15 Lauricella Hypergeometric Function of r

Variables

One of the Lauricella’s hypergeometric functions of r variables is denoted by FX)

and is defined by

> b )y - (b, 20 2k
FOaiby, . boer, .o e 21y 2] = (Wt t.tbr (B )1 LS
(1.15.1)
where

(Il + ..+ |l < ),

In 1920-21 P. Humbert defined multi-variable hypergeometric function 1/15” in
the form [326, p.62 (11)]

¢§T) [CL, C1,Coy oo, CryR1,R2, -+ oy Zr]
— i (a“)k‘l+k‘2+...+kr leﬁzé"z tte ZTkT (1 15 2)
P Ty (Cl)kl (Cg)kg ce (Cr)kr (k’l)‘(kg)' R (kr)'
where |21 < 00, |22| < 00,...,]|2| < 0.

The denominator parameters are neither zero nor negative integers, the numer-
ator parameters may be zero and negative integers.
Humbert’s confluent hypergeometric function of r variables is denoted by \I/gr)

and is defined as [324, p.35 (1.4.11)]

o k1 k

)y gotky T "

gl A CLy oo Cri Ty, Ty = E (@), — ...z
2 [ y &1y s b1y ) ’ 7"] w T (Cl)lﬁ'--(cr)kr k‘l' k’r'

= lim FX) a;bl,...,br;cl,...,c,ﬂ;ﬂ,...,ﬁ (1.15.3)
)—ro0 bl br

min([bi .o by |
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1.16 Karlsson’s Multivariable Hypergeometric

Functions

Out of the many different hypergeometric functions of several variables the sym-
metric ones have attracted the greatest attention because symmetry may be
expected to imply simple and elegant results. In the year 1893 four hypergeo-
metric functions Ff(‘"), F gl), Fén), F l()n) introduced by Lauricella [178] are classical;
other instances are the double hypergeometric function G3 defined by Horn [130]
and the triple hypergeometric functions Hg and Hg introduced by Srivastava

[301]. The later admit themselves of natural generalizations H ) and He ),

The functions H' and HE are defined by the multiple series

n = al7k +k7/
H](B)[al,...,an;cl,...,cn;xl,...,xn] = Z H( ( k:)k:l') (1.16.1)
k1,....kn=0 i=1 Ciy Fi ) Foi:
n = - azak +kz 1)
H(C)[al,...,an;c;xl,...,xn]: Z T H
Kiyookn=0 * 71 z:l
(1.16.2)
where n > 2 and
ko = k., (1.16.3)

In the sequel, cyclicity rules like (1.16.3) are understood.

The following particular cases for special values of n are readily established: (i)
H](;) is Appell’s Fy, (ii) H((;Z) is Gauss’s oF; with variable x1 + xq, (iii) HS)
and Hg’ ) are the Srivastava functions H B, Hc respectively and (iv) Hg‘ ) is the

quadruple hypergeometric function K4 studied by Exton [101].

The function Hén) was introduced by the Karlsson, who obtained some, but
not all, of its properties here given [145, 146]. The function H](gn) was defined
by Khichi [172]. The particular case n = 2m (that is, the “even-dimensional”
functions HZ™ and HE™) was investigated by the Karlsson [147 (notation: F,
and Fy, respectively)]. Incidentally, it will be seen below that for n = 2m, certain

additional results exist.

Moreover, the functions Hé”) and H(Cn) are members of the extensive class of

hypergeometric functions introduced by Srivastava and Daoust [319 (Section 4)].
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Karlsson’s quadruple hypergeometric function H:" (146, p.37 (2.1)]

4 C
H(E ) {a17a27a37a4vc 7I17x27$37'r4]

_ i (@0)kutie (02) s (@) otk (@) ig oy 24" 75° 25* !

k1 ko k3 ka—=0 (C)k1+k2+k3+k4 (kl)' (kQ)' (k3)' (k4)'

(1.16.4)

1.17 Multi-Variable Extension of Kampé de Fériet’s

Functions

The multi-variable extension of Kampé de Fériet function is given in the form

[319; see also 326, pp. 65-66]

(ap) = (B); . (05,
FPZQ1;Q2§---;qn

£:m1;ma;...;mn T1,...,Tp

= D Alns) T (1.17.1)
81' Sn'
81 yeeey Sn=0
P q1 " an
H(aj)sl+"'+5" H<bj )81 T H(bgn))w
o et L
Alst, ooy 8n) = ]4 jnl Jmn
1 n
| (COIR § (RO ) (RN
Jj=1 j=1 =1

and, for convergence of the multiple hypergeometric series in (1.17.1),
I1+l+mpg—p—q 20, k=1,...,n;

the equality holds when, in addition, either
p>/ and \x1]ﬁ+...+|azn|ﬁ<1

or

p<C¢ and  max{|xi|,...,|z.|} <1
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1.18 Srivastava-Daoust Multi-Variable Hyper-

geometric Functions

A further generalization of the Kampé de Fériet function is due to Srivastava
and Daoust who indeed, defined an extension of Wright’s ,1, function in two
variables. More generally recalling here the following extension of the Wright’s
function ,1, in several variables, which is referred in the literature as the gen-

eralized Lauricella function of several variables, it is also due to Srivastava and

Daoust [319, p.454].

.....

= Y Qi m) (118.1)
mi,..., mp=0 my My!

where, for convenience,

B B

1 n
(aj)m19§1)+---+mn9§n) H(b§ ))m1¢§.1) o H(bg ))mngb(,n)

A
J=1 Jj=1 Jj=1
C

Qma, ..., my) = e P
1 n
(€3 g ot II(dg ))m15(-1> o I I (dg' ))mn&‘."’
. J J . J . J
(1.18.2)

the coefficients

0 =1, 46", j=1,.... B0y j=1,.. C

" " (1.18.3)
6;,j=1,...,D"V k €{l,...,n}
are real and positive, and (a) abbreviates the array of A parameters ay, . .., a,, (b))
abbreviates the array of B*) parameters
(k) - _ (k).
by j=1,....,BY;V k €{l,...,n}
with similar interpretations for (c) and (d*)),k = 1,...,n; et cetera. For the

precise conditions under with the multiple hypergeometric series in (1.18.1) con-

verges absolutely [see 320, pp. 157-158; see also 122].
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1.19 Hypergeometric Forms of Some Elemen-

tary and Composite Functions

For hypergeometric forms of elementary and composite functions, we refer the

monographs [1, 29, 91, 182, 184, 188, 235, 252, 293, 324, 326].

—; t2
55
cosh(t) = o F} Y (1.19.2)
59
1 (14t 3 L
Arth(t) = tanh (1) = =60 (L) = ¢,/ | 2 7 £ (1.19.3)
2 1-1¢ 3.
2 )
L 1.
Arsh(t) = sinh™\ () = £, <t+ NG —|—t2)> —toF | 27— (119.4)
5 3
in~1(¢ L 1
sin” () _, m P (1.19.5)
-0 3
inh ™' (¢ L1
smh () _y g — ¢ (1.19.6)
V(14 12) 3
[ - —tQm
sin(t™) = t" o F} s (1.19.7)
- —t2m
cos(t™) = oFy (1.19.8)
1 4
2
exp (t™) = e = o Fy g (1.19.9)
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1
29 ]-7

arctan(t) = tan"'(t) =t o F} z —t?*| =sin~! (
2

4 [1+/0=1)
Tl | T T

sinfm{sin ()} = m t oFy | 2 T;' 2
cosfa{sin ' (t)}] = 2 F}

sinfa{sin ()} =at.F | 2 2

[(1+0)* = (1—1)] =4at F

[(1 + t>2a + (1 _ t)Qa] — 9, a, 3

N[ =

(1.19.10)

(1.19.11)

(1.19.12)

(1.19.13)

(1.19.14)

(1.19.15)

(1.19.16)

(1.19.17)

(1.19.18)

(1.19.19)

(1.19.20)

(1.19.21)

(1.19.22)



@ aty 2 ) (1.19.23)
241 2a+1 ’ — 1+m . .
Al a“t 3 o — - (1.19.24)
. % N/ 1+\/1—t o
1+¢ 2a, a+1;
(1 — t)2a+1 - 2F1 t ‘t’ < 1 (11925)
a ;
a, c+1;
[1 - (1 - %) t} (11—t =,F tl o [tl<1  (1.19.26)
c ;
2b 2b [ b, —b;
1+ +t) + (VA +12)—t) | =2,.F —
1
L 2 ’
(1.19.27)
26—1 2b—1 b, 1—10;
(1+t2 {(d 1+ +t) (\/(1+t2)—t> ]:225 1 g2
5 ;
(1.19.28)
2b—1 2b—1 b, 1—10; )
{(M(Ht?)ﬂ) - (x/(1+t2) —t) } —2(2b—1) 1 F) ¢
9 ;
b b (1.19.29)
1 2b—2 2b—2
S 1+ ¢2 +t> —( 1+ ¢2 —t) ]
= | (VT®) V)
b, 2—10; )
=4 (b—1)t.F , —t (1.19.30)

5 3

1.20 Hypergeometric Forms of Some Special Func-

tions

For hypergeometric forms of Special functions of Mathematical Physics, we refer
the monographs [1, 8, 9, 10, 24, 29, 38, 91, 92, 95, 119, 123, 182, 184, 185, 188,
196, 203, 213, 235, 252, 293, 294, 324, 326, 336, 337].

Ordinary Bessel Function of I Kind J,(¢): [326, p.44 (11)]

Jy(t):(i—)yoFl -t

- 1.20.1
T(v+1) yil, 4 (1.20.1)
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Modified Bessel Function of I Kind 7, (t): [326, p.44 (12)]

L(t) = G B (1.20.2)
Error Function: [252, p.36 (6), p.127 Q.1; 119, p.887]
2 [t ot 5
2 )

Incomplete Gamma Function: [252, p.127 Q.2; 184, p.220 (6.2.11.1)]

t :
t° a ;

v(a,t) = / e "ty = — 1 Fy —t|, larg(t)| <m,  R(a) >0
0 a 1+a;

(1.20.4)
Legendre’s Normal Form of Incomplete Elliptic Integral of I Kind: [92,
p.313 (13.6.1)]

¢ dt
F(k;,gb):/o Ve ot ] <1 (1.20.5)

Legendre’s Normal Form of Incomplete Elliptic Integral of II Kind:
[92, p.313 (13.6.2)]

¢
E(k, ¢) = / V(U= 2sin?(1)) dt, k| < 1 (1.20.6)
0
Legendre’s Normal Form of Incomplete Elliptic Integral of III Kind:
[92, p.313 (13.6.3)]

¢ dt
(v, k,¢) = /0 (14 vsin?(t))y/(1 — k2sin?(t))

, k<1  (1.20.7)

where k is called modulus of the Elliptic integrals.

Complete Elliptic Integrals of I Kind: [92, p.317-318 (13.8.1)(13.8.5)]

1 1.
TR Y7 2, It <1 (1.20.8)
1

B db
K :/0 V(1 —t2sin? 0) T2

Complete Elliptic Integrals of IT Kind: [92, p.317-318 (13.8.2)(13.8.6)]

E(t) = / \/ (1 —t2sin? §)df = g o
0

33
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_1'
y T 9

2, it <1 (1.20.9)

Ll ST
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Complete Elliptic Integrals of III Kind: [92, p.317 (13.8.3)]

I (v, k) = / 40 , k<1  (1.20.10)
0 (1+wvsin?0)y/(1 — k2sin®0)

Complete Elliptic Integrals: [92, p.321 (13.8.25)]

x 11,
B(t)= [ \/% ggFl Z 5’ 2 (1.20.11)
Complete Elliptic Integrals: [92, p.321 (13.8.25)]
C(t) = / sin” 0 cos” 6 S df = — ,F 23 (1.20.12)
0 ( (l—tzsin20)> 16 3
Complete Elliptic Integrals: [92, p.321 (13.8.25)]
2 sin? 6 s %,%Q 9
D(t) = \/W = 2F . t (1.20.13)

Lerch’s Transcendent:[188, p.32 (1.6); see also 119, p.1039]

[e.9]

B(t,q,a) = > (a+n) " (1.20.14)
n=0
(a#0,—1,-2,...and [t| < 1).
When ¢ is positive integer, then
q
1,48,a,...,a ;
a'®(t,q,a) = .41 F, t 1.20.15
(t:4:0) = g1 Fy atlatl, .. atl; ( )
q
q
Here a,a,...,a denotes the numerator parameter “a” is written “q” times and
a+1,a+1,...,a+1 denotes the denominator parameter “a + 17 is written “q”
q
times.

Fresnel’s Integral: [1, p.300 (7.3.2)]

. 244 t 2
1 Tt . [T

5 . 16 _/0 sin (—2 ) dx (1.20.16)
2
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Fresnel’s Integral: [1, p.300 (7.3.4)]

t [t i 1 ['si
So(t) = -y | =B | P - = / Sin(@) (1.20.18)
3V %’ %3 4 Vo Jo (7)
Fresnel’s Integral: [1, p.300 (7.3.1)]
1 : T2th t T2
Ct)y=tF| ' —— :/ cos [ —— | dx (1.20.19)
1 5. 16 0
201
Fresnel’s Integral: [1, p.300 (7.3.3)]
2 Tt 2 [ )
Ci(t)=t 1F ——| =1/= [ cos(2?)dx (1.20.20)
1 5. 4 T Jo
211
Fresnel’s Integral: [1, p.300 (7.3.3)]
2t i 1
Colt)=1/—= | * 7 -2 = / cos() 4, (1.20.21)
15 4 Ve Jo +/(x)
Sine Integrals: [119, p.886 (8.230)]
t o 1 2
bR ;o —t
Si(t) :/ ) 1R, | 2 — (1.20.22)
0 T 3 § .4
27
Hyperbolic Sine Integrals: [119, p.886 (8.2
h 1
Shi(t) :/ sinh(@) o m | 2 (1.20.23)
0 x 3 §
20 2
where t > 0, or |arg(t)| < .
Polylogarithm Functions: [91, p.30 (1.11.14)]
Li,(t) = > (1.20.24)
k=1
q+1
T111.. .1 :
Li,(t) =t 411 Fy tl, It <1 (1.20.25)
229 ..., 2
q
q+1
* . . .
Here 1,1,1,1,...1 denotes the numerator parameter “1” is written “q + 1”7 times
and 2,2,2,...... 2 denotes the denominator parameter “2” is written “q” times,
q
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where ¢ = 2,3,4,.... When ¢ = 2 it is called Dilogarithm function.
Struve Functions: [1, p.496 (12.1.3)]

M- | (1.20.26)
TE)(v+ 2) N

Modified Struve Functions: [1, p.498 (12.2.1)]

L ( ) (%)wrl " 1 ; t2 ( 7)
o(t) = = 1 — 1.20.2
Ly +32) .

Lommel Functions: [184, p.217 (6.2.9.1)]

t Ui F ! g 1.20.28
SM,V( )_ (M+V+1)(/L—V+1) 1472 N*;/+3’ﬂ+12/+3; T ( . . )
where y +v # —1,-3, -5, ...
Kelvin’s Functions: [119, p.944 (8.564(1))]
— : t4
29 29 )
Kelvin’s Functions: [119, p.944 (8.564(2))]
t? - ot
29 29 )
The Incomplete Beta Function: [326, p.35 (31)]
¢ «, - )
Bi(a, B) = / 221 —2)% e = a7 Y L F b t (1.20.31)
0 l+a
The product J,(t)J,(t) is given in the [184, p.216 (39)]
(£> v ptr+1 ptrv+2,
Ju(t)Ju(t) = 2 oFy 2 S
8 F(p+ 1l +1) pw+1, v+1, p+v+1;
(1:20.32)
The product J,(t)J,11(t) is given in the [184, p.216 (40)]
£)2u+1 v+ 3.
T, ()T, (t) = (5 \F, S (1.20.33)
F(V + 1)F(V + 2) v+ 2’ 2w + 2;
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The product J2(t) is given in the [184, p.216 (41)]

t 2 1 .
_ v + 5
B 1 Fy 2T (1.20.34)

Jf@) = 2
[T(v+1)] v+1, 2v+1;

The product J_,(t)J,(t) is given in the [184, p.216 (42)]

I = S g 2 (1.20.35)
vm 14+v,1—v;
The product J,(t)1,(t) is given in the [184, p.216 (43)]
()" -t
J, (), (t) = Tw+ 1P ofs | . ~ Gl (1.20.36)

R
Hyper-Bessel Function of Humbert P.: [95, p.250 (19.7.7)(19.7.8); see also
[135]; 219, p.102]

() -

F -
Cm+10Tn+1) " i1 np1, 27

Jmn(2) = (1.20.37)

where m, n are may be positive and negative integer.
Modified Hyper-Bessel Function by Delerue [76]
(z)m

3 F. 2 1.20.38
Tm+10C(n+1) "2 | 1 a1 27 ( )

Im,n(z> =

Arctangent Function

o [TtanTH(z) N (—1)

k=0
(1.20.39)

1.21 Transformation and Reduction Formulas

For transformations and reduction formulas of multiple hypergeometric functions
and product theorems of hypergeometric functions, we refer the monographs and
research papers [8, 17, 91, 124, 151, 184, 235, 252, 293, 326].

Pfaff Kummer Linear Transformation:

a,b; a,c—b;, —¢
oF tl =1 -0)"YR — (1.21.1)

c c 5
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c#0,—-1,-2,.., larg(1 —t) < 7|

Euler’s Linear Transformation:

a,b; b c—a,c—b;
o Fy t] = (1 —t)ee 0, m t (1.21.2)
c c ;
c#0,—-1,-2,..., larg(1 —1t) < 7|
Kummer’s I Transformation:
a; c—a;
3 t| = Fy —t (1.21.3)
G c 3
where ¢ # 0, —1, -2, ...
Kummer’s II Transformation:
a; ' - .
1F1 2L =e OFl — (1214)
2a; a—+ % ; 4
where 2a is not an odd integer < 0 i.e. 2a # —1,—3,—5,...
A transformation [3, p.128 (3.1.11)] is given by
1 a,b; 4t a,a+ 3 —b;
Y 1 — | =R 2 t2 (1.21.5)
(1+1t)2a % (1+1)? b+ ;
A transformation [3, p.125 (3.1.3)] is given by
a, b; 2a, 2b;
a+b+3; a+b+i;

Wherea+b—|—%750,—1,—2,... and R(t) < %
Goursat’s Quadratic Transformation: [91, p.113, (1.11.32, 1.11.34)]

1
oFifa,bya—b+1;z] = (14 2) % F [g, %; a—b+1;42(1+2)7%] (1.21.7)

A transformation [3, p.127 (3.1.3)] is given by

b b b+1. 2 )
t 9 ) t CL, b7

(1 _ _) N (_) - (| (1.218)
2 a—+ % ; 2t 2a

Clausen’s identity [3, p.116 Q.13] is given by

2
b ; 2a, 2b, a+b ;
t (1.21.9)

o) t = 315
2a+2b, a+b+i;
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A transformation [3, p.181 Q.20] is given

- 2
a, b
2F1 t
c
N R R
n=0 20_1) a+s, b+3, 2-n-c ;
(1.21.10)
A transformation [3, p.116 Q.13; see also 17, p.100 Q.16] is given by
a, b ; 1_a, 1—b; a—b+i b—a+i 1L
2 F1 t|oFy | * 2 t| =3k ? ? 2t
a+b+3; S—a—b ; a+b+3, S—a—b ;
(1.21.11)

A transformation [3, p.184 QQ.31(a),31(b); see also 293, p.77 (2.5.12 ; 2.5.13); 17,
p.86 (5;6)] is given by

a, b a, b 2a, 20, a+b ;
2 F t| 21 t| =3k
a+b—1; a+b+1; 2a+2b—1, a+b+3;
(1.21.12)
a, b a, b—1; 2a, 2b — 1, a+b—1;
2F1 t 2F1 t :3F2
a+b—3; a+b—3 ; 20+20—2, a+b—1
(1.21.13)

Reduction Formulas for Appell’s Functions:

a, b+c
Fl[a;b, G, d,t,t] = 2F1 t (12114)
d ;
a a+l
3 b,
Fl[a, b, b, C;t, t] = 3F2 ) t (12115)
5 5 bhe—b 1
Fyla;b,b;c,c;t, —t] = 4 F3 ], lt] < = (1.21.16)
c. ¢ ctl . 2
) 29 2 )
a atl Adp Adptl 1
Fola; A, 1120, 23t —t] = o F3 | 27 27 27 2, <z
At A+ ou+d 2
(1.21.17)

Fg[(l,a;b, b; ¢ t, —t] =4[5 , |t| <1 (12118)



F4[CL, ba ¢, d; t, t] = 4F3

4t (1.21.19)
c, d, c+d—1 ;
where /[t] < 1.
a atl b btl
Fia,bic,ct,—t]=,F5 | 27 27 % 12 T (1.21.20)
c ct+
C, 2 9
where /[t] < 1.
Reduction Formula of Bailey: [17, p.102 Q.20(v)]
x )
F4|:aa6;a/_ﬁ+1a6;_ s :|
(1-2)1-y) (1-z)1-y)
1 —
= (1-y)"F |:0476§Oé—5+ 2=y y)} (1.21.21)
(1—x)
Ramanujan’s Theorem 1:
a a ; a, b—a ; ¢?
1F1 t 1F1 —t| = 2F3 b bt Z (12122)
b ) b ’ b ) 9 o ;
Ramanujan’s Theorem 2:
Bl Tt B =t
a? b ? a? b ?
a+b—1 a+b a+b+1 . 2
y T3 ) ) 27t
= 3F% ’ ’ ’ St (1.21.23)
a.b. ¢ b at+l b+l a+b—1 a+tbd . 64
) ) 99 99 "9 9 T9 9 v 9
a ; b ; ot abbtl 2
1F1 t| 1F1 —t| =2F3 ? ? -
2a ; 2b ; a—l—%, b+%, a+b ; 4
(1.21.24)
Whipple Quadratic Transformation: [8, p.130, (3.1.15)]
a, b, ¢ ; a atl 1L q—b—gc 4¢
3Fo t) =Q1-t)"%F o o 2
l+a—-b, 1+a—c l+a—-b, 14+a-—c (1—1)

Henrici’s Triple Product Theorem: [324, p.85 (1); see also 124]

0F1 7 t QFl o wt 0F1 ’ w2t
6¢ ; 6¢ ; 6c ;
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_.F, 3¢— 1 , 3c+ 1 : (475

§>3 (1.21.26)

6c,2¢, 2c+ 3, 2c+ 2, 4c— 1, 4dc |, de+3

where w = exp (%)

= = - S

OFl t 0F1 —t - 0F3 a atl - Z (12127)
a; a; a, 5, —5 3
. . atb atb-1 .

oF T t] oF, Tt =, F; 22 oy (1.21.28)
a; b; a, b, a+b—1;

Bailey Cubic Transformation: [8, P.185, Q.38(a); Q.38(b)]

a, 2b—a—1,a+2—-2b; ¢ g atl otz 27t
3F2 i (1_t)fa3F2 3 3 3 -
b, a—b+3 ;4 b.oa—b+3; 41—
(1.21.29)
. : t:(l__> | B e
2, 2424 —2b; 4 b,a—b+3; 41
(1.21.30)
2
a ; a ; ot
1F1 t = thFQ —_ (12131)
2a ; a—l—%, 2a ; 4

1.22 Multiple Series Identities

Series Rearrangement Technique:

The technique described and illustrated in the thesis is based, in part, upon
certain interchanges of the order of a double (or multiple) summation. Such
rearrangement of terms in iterated finite series can be justified in the elementary
sense when, for example, the series involved are absolutely convergent. Thus the
identities contained in lemmas 1, 2, 3, 4, 5 and 6 below may be considered as

purely formal.

LEMMA 1

n

f: A(k,n — k) (1.22.1)

0 k=0

A(k,n)

NE
M8

i
<)
~
I
=)
3
|

and

3

B(k,n) = iiB(k,mk) (1.22.2)

[M]8

3
I
o
b
Il
=
3
Il
=]
o
Il
o



LEMMA 2
i i A(k,n) = i A(k,n — 2k) (1.22.3)

and

i B(k,n) = iiB(k,nmk) (1.22.4)

=0

i
[e=]
o

where, and in what follows, [z] denotes the greatest integer in x.

LEMMA 3 For any positive integer m,

3z

(]

i i Ak, n) = i A(k,n —mk) (1.22.5)
and o
iiB( iiB k,n + mk) (1.22.6)

For m = 1, Lemma 3 evidently reduces to Lemma 1, while a special case of
Lemma 3 when m = 2 is precisely Lemma 2. These special cases of Lemma 3
were stated and proved by [252, p.56 sec. 37].

LEMMA 4 Multiple Series Identities: [326, p.102 (16);(17)]

Z( SN Zgb(n;kl,kg,...,km))

n=0 k1=0 k2=0 km=0
00 k1+ko+...+km<n
:Z< gzﬁ(n—kl—kg—...—km;kl,kQ,...,km)> (1.22.7)
n=0 ki1,k2,....,km=0
0o ki1+ko+...+km<n
Z( > o kl,k2,...,km)>
n=0 k1,k2,....,km=0

n=0

k1=0k2=0  km=0
LEMMA 5 Finite Double Series Identity: [326, p.103, (2.1.18)]

p (2
B(k,n) = Z B(k,n +mk) (1.22.9)

n=0 k=0

I s
o

??‘ —_—
i Ms\:
s 3

where, and in what follows, [x] denotes the greatest integer in x.

B(s,r) = Xm: B(s,s+7) (1.22.10)



LEMMA 6 Series Identity: [326, p.214 Q.§]

00 M—-1N-1 oo
> U(m,n) = > W(mM + j,nN + k) (1.22.11)
m,n=0 7=0 k=0 m,n=0

where VM, N € {1,2,3,...}

SIS 2n—12-1 oo
SN Amg) =Y > A@2nm + j,2q + 1) (1.22.12)
m=0 ¢=0 7=0 =0 m,q=0
Decomposition Technique:
i d(m) = i O(2m) + i d(2m + 1) (1.22.13)
m=0 m=0 m=0
i i U(m,n) = i i U(2m,2n) + i i U(2m,2n + 1)
m=0 n=0 m=0 n=0 m=0 n=0
—|—ii@(2m+1,2n)+§:§:@(2m+1,2n+1) (1.22.14)
m=0 n=0 m=0 n=0

1.23 Some Hypergeometric Polynomials, their

Relationships and Generating Relations

Special functions play a vital role in both classical as well as quantum physics.
There are many special functions, in which one of the most convenient depends
on the particular problem at hand. Classical orthogonal polynomials play a

central role in optics and certain parts of quantum mechanics.
Srivastava’s General Class of Polynomials:

We begin by recalling the definition of the general class of polynomials S (x)

introduced by Srivastava

Sz =Y (_Z?m’“ Apy 2 (n=0,1,2,3,...) (1.23.1)
<!

n
m
k=

where m is an arbitrary positive integer, the coefficient A, (n,k > 0) are

arbitrary constants, real or complex.

By suitably specializing the coefficient A, j, the Srivastava’s generalized poly-

nomials S)"(x) can easily be reduced to the classical orthogonal polynomials

43



including, for example, the Hermite polynomials H,(x), the Jacobi polynomi-
als Pi*” )(x), and the Laguerre polynomials L () and indeed also to several
familiar particular cases of the Jacobi polynomials such as the Gegenbauer (or
Ultraspherical) polynomials C¥(x), the Legendre polynomials P,(z), and the
Tchebycheff polynomials T,,(x) and U, (x) of the first and second kinds.

Other interesting special cases of the polynomials SI™(x) include such generalized
hypergeometric polynomials as the Bessel polynomials y,(x, «, 8) considered by
Krall and Frink [175, p.108 (34)], the generalized Hermite polynomials ¢ (z, h)
considered by Gould and Hopper [118, p.58|, and the Brafman polynomials [28,

p.186] which contain ¢)'(x, h) as a particular case. Furthermore, since

1
Hy o () = 0" g (x ——) =g (v z,—1) (1.23.2)

Vm
the Gould-Hopper polynomials g™ (z, h) contain, as a special case, the generalized

Hermite polynomials H,, ,,,(x) considered by Lahiri[177, p.118 (3.2)].

Classical Hermite Polynomial:

(—1)kn!(2z)" 2

pare kl(n — 2k)!
- —”"‘1’ 1
Hn<.’L') = (2$)n2F0 2 2 — ﬁ

= H,(x)t
exp(2xt — 1?) = n(x') (1.23.3)
n!
n=0
valid for all finite x and t.
2 —n, 5= n; 1
2n+1 —n, =g = 1
H2n+1(ZL’) = <2$) 2F0 — ? (1235)
Hon(z) = (17220 L83 (32) (1.23.6)
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(=1)"(2n)! N,

Hgn(l') = TIFI 1 i (1237)
Honer(2) = (—1)"227+ 101 (2) L$F) (22) (1.23.8)
Hop s () = (_l)n(j'” D | T (1.23.9)

A generating relation [95, p.250 (19.7.11)] is given by

- 4212 = tn
(14437 (1 + 2at + 4t>)exp (1 i 4t2) => Hn(gg)W (1.23.10)
n=0 21"
n 5 if n is even
H - (1.23.11)
”T’l, if n is odd

A generating relation [95, p.263 (19.9.15)] is given by

¢, dx*t? 32¢t3 a3 c+1; 4222
+ 1 Fh —_—
Lrde| " 3(1 1 a2y 5144
2 )

(144t

N

?

22t(1 + 4t — 8ct?)
(1 +4t2)c+1

)

;o dx?t? = ()22 H ()t
F — | = — 1.23.12
o 1+ 4¢2 nz_‘a (20)! ( )

3.
29

0|3

, if n is even integer
[ = m - (1.23.13)

"T_l, if n is odd integer

Mehler’s formula [326, P.83 (13)] is given by

(1.23.14)

> 4oyt — 4(22 2)¢2
S Ho(2)Ha(y) = (1 —4t2>-%easp< oyt — 4o +y) )
o 1— 4t

- 1 4yt —4(2? + y*)t?
_ 2
nEZO H,(x)H,(y) = (1 — 4t°) " 2exp (1 — 4t2) exp ( T (1.23.15)

A generating relation [252, p.198 (2)] is given by

> . — 2xt)?
S Hu(2)Hu(y) = (1 — 41%) e {;ﬁ - %} (1.23.16)
n=0
Weber-Hermite Function of Order n:
U, (r) =e 7 Hy(x) (1.23.17)

H,(z) =2%e7 D, (V2 ) (1.23.18)



He,(r) =209 H, (%) (1.23.19)
He,(x) = €T D,(2) (1.23.20)

where D, (z) is called Parabolic cylinder function.
Generalized Laguerre Polynomials of One, Two, Three and More Vari-

able of Khan-Shukla:

(a)

Generalized Laguerre polynomials of one variable L; "’ (z) possess the following

generating relation [252, p.130]

eoF (= 1+ a;—at) = ( 1.23.21
ol ( at) nz 1+a ( )
Laguerre Polynomial [326, p.131 (2.5.1)]
(0) - () 2
L(z)= lim (P> (1—-— (1.23.22)
|8l —o0 B
A generating relation [95, p.249 (19.7.1)] is given by
- tm—‘rn
)me” —_— 1.23.23

n=—m

Generalization of the generating function [326, p.250; see also | is given by

(o) n t_

S Lo %ef (1.23.24)
m:

n=0

Laguerre Polynomials of Two Variables: [250]

(1+a),(1+8),

LB (z,y) = (n1)? Yo [—n; 1+, 1+ B2, 9] (1.23.25)
et = N (Wi 2" 1.23.26
peles el = 2 T G (1:25:20)

(lz] < oo, |yl <o)

n n—r

) _(1+04n1+5 n”s .
L n,y) = S Y ot e

CPA+a+n)(1+6+n) z": (—y)TLL;’)T(x)
B (n!) rl(l+a+n—r)I(1+5+7)

(1.23.27)
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Chatterjea [47] gave generating function of Laguerre polynomials of two variable

L%a”g)(x, y) in the form

o0 ! L(aﬂ)(x )tn
t n n 7y
eoF1 (=14 a; —at)oFi(—; 14 85 —yt) =

2 T o,

(1.23.28)

(1 =%)"Y |14+, 1+ f;

0 (e.B) n
—xt =yt } Z L (x,y)t

(1—t) (1—¢ e a)n(14 5),
(1.23.29)
L0 (x,0) = LY (x) (1.23.30)
LD(0,y) = LY (y) (1.23.31)
Laguerre Polynomials of Three Variables: [166]
L0 (x,y, 2)

(4 (1+6 I+ N)r st ak gy 2

N (n!) TZOSZOZ 1+a 1+6)(1+7)Tk!s!r!
(1.23.32)

(1 +a)u(l 4+ B)n(l +)n
(n!)3

(3)[ n;l+a,14+5,1+vx,y, 2]
(1.23.33)

B = (n!)? L%Q’B”)(a;,y,z)t"
=2 (L+ a)n(1+B)n(l +7)n

L(OCB’Y)('CE Y,z ) -

e oFy(—; 1+a; —xt)o By (—; 1485 —yt)o Fi (—; 1+7y; —2t)

(1.23.34)
c 1.(3) —xat —yt —zt
(1 — 1) by [cl—i—a 1+B,1+%(1_t> (1—t)’(1—t)]
© L(aﬁ'y)(x y, 2 )t
Z 1+a RN (1.23.35)

n=0

Laguerre Polynomials of r-Variable:

In 1997-98, the Laguerre polynomials of r-variable are defined by Khan and
Shukla [165, p.163 (7.1),(7.3); see also 167,] in the following form

= (nhr \Ijg) [—n;l+ag, 14+ ag,..., 1 +ap 21,20, ..., 2] (1.23.36)
Litmen) (g x,) = (a1:n> (O‘T;”)\Ifg’“) [—n;ar + 1, 00+ Loy, .00 2]

(1.23.37)
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where ‘Ilg) denotes Humbert’s confluent hypergeometric function of r variables.
Classical Jacobi Polynomial of One Variable:

The Jacobi’s polynomials P\ (x) [252, p.254 (1)] are given by

1 n —n,14+a+pB+n; 1—
pe(r) = L0, g TEmLSE] R
n! l+a .2
(1.23.38)
The Laguerre’s polynomials Lga)(x) [252, p.200 (1)] are given by
2 1 n -n
lim PA) (1 — —I> = LY (z) = ﬂlﬂ x (1.23.39)

A transformation for Jacobi polynomial [333, p. 64 (4.22.1)] is given by

1—a2\" x4+ 3
Plas) (7 — plro—p-an-1p) (12 1.23.40
0w = (150) r e (1.23.40)
1—x\" r+3
Pl () — plra—pn-1p-n) (T2 1.23.41
o = (157) o - (123.4)
1+2\" 3—x
PB) () — pla—a=g-2n-1) (27T 1.23.42
0w = (50) r = (12302
A generating relation [326, P.90, Q.N.15] is given by
) - 1 q—a—p-1
Z Prgafn,ﬁ) (x>t" — (1 + t)a 1— 5(23 — 1)t (12343)
n=0 - -
and
) - 1 1 —a—p—1
Z PlB=m () = (1— 1) |1 - 5(95 + 1)t (1.23.44)
n=0 - -
) a B
(a—n,B—n) n 1 1
> Pl (@) = |1+ S+t |1+ (@ =1 (1.23.45)

n=0

A generating relation [326, p.170 Q.N.19(1); see also 113, p.120 (12)] is given by

—F Ya—ap| (1.23.46)

= " 1
P () = exp [—(1 + J;)t} 1Fi
Z 1+ a), 2 1+ o

n=0

Chebyshev (Tchebycheff) Polynomials of I and II Kind: [92, p.186
(24),(25)]

T, (t) = cos[n{cos ' (t)}] = o F} e (1.23.47)
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_sin[(n + 1){cos™'(t)}] . —n,n+25 1t
Un(t) = T = (n+1) o F1 s 5 (1.23.48)

Tchebycheff Polynomials of I and 1T Kind [252, p.301 (1,2,3,4); see also 326, p.36]

is given by

T, (z) = (;npé‘?‘”(x) (1.23.49)

U, (z) = (”(;?!P,Sé’é)(x) (1.23.50)

(1 -2zt + %) = i U (2)t" (1.23.51)
iTn(x)t” =(1—at)(1 -2t + )" (1.23.52)
i Up(a)t" = (1= 2at + %) (1.23.53)

Gegenbauer Polynomials and their Special Case:

) (") (v-ta-1)
Cy(z) = —"=5P, (2)
("tr2)

ol T(2v) F(n+v+1)

) b,
v+ %)nPn (2)

T(n+2v) nll(v+1) P73 ) (1.23.54)

Gegenbauer Polynomial [326, p.137 (5)] is defined as

20, A2, —n); 22 —1
2ady e [ 22

o) — 1.23.55
Gegenbauer Polynomial [252, p.280 (19)]
1 (l) (223)” [ . n —n4l. 1
2)n 202 >
Ci(e) = Pula) = 22 by | Y - (1.23.56)
L 2 ’
27 )" [ _27 _*nJFl; 1
C(x) = (), (22)" (, N = (1.23.57)
n: l—v—mn;?*
(1= 2at+£2)™" => Cha)t" (1.23.58)
n=0
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(1—2ut+13)72 =Y By(a)t" (1.23.59)
n=0

Gegenbauer or Ultraspherical polynomials [333, p.81 (4.7.1)]

P¥(x) = [%} PV v v —% (1.23.60)
Pl () = (O‘ Z ”) <2a7j n) () (1.23.61)

PO (1) = CF (z) = P2 (2) = Pu(z) (1.23.62)

Un(x) = CL(z) = PW(x) (1.23.63)

A generating relation for Gegenbauer polynomial [252, p.278 (7)] is given by

— 5 a1 = - 5P -1 — C¥(z)t"
emtOFl (.ZU ) — OFO Tt OFI (x ) — n('r)
v+do 4 - v+l 4 = (2
(1.23.64)
00 A .
Z E ; CHa)t" = Fy | N, a5 15 (x + Va2 — Dty (. — Va? — l)t] (1.23.65)
[)n
n=0

Rice and Khandekar Polynomials of One Variable:

In the endeavor of attempting to unify several results in the theory of poly-
nomials, also in hypergeometric functions of two or more variables, Khandekar
[171, p.158 (2.3)] defined the generalized Rice polynomials of one variable in the

following form:-

—-n, 1+&+ﬂ+na€ 3

1 n
H (g, p,v] = @3& v (1.23.66)
n!
l14+a,p ;
where n =0,1,2,3,...., andp# —-n—1,-n—2,—n—3,....

If a =0 =0in (1.23.66), we get Rice polynomials [253, p.108]
H,[¢,p,v] = HYO[E, p,v) (1.23.67)

If p=¢and v = 3(1 —x), (1.23.66) becomes:-

H{™P) {5,5, %(1 - w)} = P{*)(x) (1.23.68)
or
H@P[e ¢ 2] = P (1 — 22) (1.23.69)
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where P{?(z) are the Jacobi polynomials.

Multivariable Generalized Rice Polynomials of Qureshi-Kabra-Quraishi:
Motivated by the works on different types of Hypergeometric polynomials of one
and more variables, we define a generalized Rice’s polynomials of r variables in

the following form:-

(1+a1)n...(1+ar)nx

[ jee3 Qe By . Dy . . T)\. T . _
Hev e O (dD) s (09); (d5)) sy, | = i)

e, | il ar B (095 L+ o+ B 4, (b))

X L0104+ Dy;..; 14Dy . Ti,..., Ty
' - l—l—ozl,(dgl)) I l—l—ozr,(dg)z) :
(1.23.70)
where F' éiigiiig:[ ..] is multivariable Kampé de Fériet function and (bg})
denotes B, parameters given by b\, b7, ... ,bgr) with similar interpretation for

others.

On specializing the parameters and arguments, the Qureshi-Kabra-Quraishi poly-
nomials reduce to generalized Sister Celine’s polynomials of Shah[263, p.80 (2.2)],
Fasenmyer Sister Celine’s polynomials [111, 112], multivariable Sister Celine’s
polynomials of Shrivastava [273, 286-288|, Bateman’s polynomials Z,(z) and
F,(z) [20-22], Pasternack’s polynomials F\"™(z) [215], generalized Rice’s polyno-
mials of Khandekar Hi"?[¢, p,v] [171, p.158 ; see also 79, 191, 304, 309], Rice’s
polynomials H,[&, p, v] [253, p.108], Classical Jacobi polynomials P,(La’ﬁ)(x) (252,
pp. 254, 255], Classical Legendre polynomials P,(z) [252, pp. 166, 167, 183,
185] and classical Ultraspherical (Gegenbauer) polynomials C¥(x) [252, pp. 279,
280], Classical Chebyshev polynomials of I kind 7},(x) and II kind U,,(z) [252, pp.
301, 302], Cohen polynomials [58, 59], Extended Jacobi polynomials of Fujiwara
Fé“’ﬁ)(x; a, b, ¢) [115], Khan polynomials [154, 155, 157], Khan-Shukla polynomi-
als [168], multivariable Jacobi polynomials of Shrivastava’s [271, 274, 281, 283,
284] and others.

Classical Extended Jacobi Polynomial of Fujiwara:[115, p.136]

The polynomials F\*” (x) are equivalent to (and not a generalization of) the
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classical extended Jacobi polynomials.

EP(z:a,b,¢) = (a — b)" PP (2 {a: — &} + 1)

(b — a)”P,S""ﬁ) (y),

a—2>b
(1.23.71)
where
2z (a+b)
ENCERNCED
An identity [333, p.58 (4.1.2)] is given by
PP (g) = 1 s 1{a +b+(a—b)x};a,b,c (1.23.72)
" c(a—bn " 2 T
The well-known relationship [228, p. 389 (2.7)] is given by
F@P(q+b—x;a,b,¢) = (=1)"FP9(2:a,b,c) (1.23.73)

The generating function [228, p. 391 (2.15)] is given by

n 2
Fo?) (z30,b,c) = (—‘” - ) Flrefmont) (—‘” —2a0H B b, )

" a—2b " T —a

—b\" _ 2
—(Z b FT(Laﬁafﬁf%*l) W; a,b,c (1.23.74)
a—>b T—0b

The Jacobi Polynomials of Two Variables:

M1+ a;+n)I'(1+ ay +n)x

p(al B1;02, '82)(1’ y)
(n)!

1—{—0&2—'—624—71 1— oaﬁ)
X e 1.23.75
Z 'F1+a1+n—j) (14+ a2 +7) ( ) (@ )

(1 + Oél)n( + CYQ)

(n!)?

XF2|: n; 1+a2+ﬁ2—|—n 1+@1+51+n 1+052,1+041,

péahﬁl;azﬁz)(x’ y)

l—y 1—-2
2 72
(1.23.76)

Jacobi Polynomials of Three Variables: [271, p.63 (8)], is defined in the

following form
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1 + Oél)n(l + Oég)n(l + @3>n

(n!)3

Péal,ﬁl;a%ﬂ??a?”’%)(%l, T2, I’g) = (

) —nz— == ildas+Oatnl+ta+ B+nl+an+ 6+ n;
X
- === 1+ a3 ; 1+ s ; 1+ o ;
1—1'31—5132 1—1'1
1.23.77
2 2 72 ( )
Prgal,ﬁlg...;ar,ﬁr)(xl’x27 o 71'q~) _ (1 + @l)n . (]. + O"r‘)n y
(nl)"
w rlilieil —n:l4+a,+B+n;..;1+a1+Bi+n; 1 -2, 1—x
0:1;..51 [
- 1+ a, e 14+ o ; 2 2
(1.23.78)

The generalized Jacobi polynomials of r variables [271, p.65 (15)] are defined by

I+ay)n.--(L+a),
(nl)" :

P(al,ﬁl;...;ar,ﬂr)(II’ . ’xr) g

—n:l+o+G+n.. 1+ +6+n 1—x 11—z,

- 14+ oy M 1+ a, X 2 772 ’
(1.23.79)

where Fy'1/1[.. ] is multivariable Kampé de Fériet function.

.....

Platiesard(z, | g) = (m . n) . (m . n) x

n n
(r) 11— 1—x,
xEFy l—nrog+pf+n+1l,. 0 +6+n+ Lo+ 1, a + 1 IR
(1.23.80)
. . 25(71 21}
lim plovhusarf) (1 — ..., 1=
min(|B1l,....|8r)—so0 [ " 6]} Br
= L) (g ) (1.23.81)

Properties of the multivariable Jacobi polynomials [41, p.1552 (4.11)] is given by

plovbisanfe) (g - x) = H { (aj + ”) } X
n

j=1
. n (n> (o + Br + 1+ 1), (x,,_ 1>kﬁ{(aj+n—k)—1} )
k=0 k (ar + 1) 2 j=1 n—k
% PT(ﬁléﬁl—&-k;---;ar—l,,Br—1+k)(ml, L Tpq) (1.23.82)
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which is the corrected version of a known formula [271, p.66 (17)].

A relationship between Jacobi polynomials [41, p.1552 (4.12)] is given by

PlesBion) (o ) = (1 Z”””) <

% P(al,*al*,31*2n*1;a2,52;-~;ar,5r) 3—a 1+ 21y — 1 ry + 27, — 1
" 1+LL’1’ ].—|—$1 Y 1+I’1

Krall and Frink Bessel-Polynomials:

Krall and Frink Bessel’s polynomial is defined as

gyt (TEY pa—amm (B
Yn(z, 00 =, f) = n! (ﬁ) LU (x)

Krall and Frink [326, p.170 Q.19(ii)] generating relation is given by

00 1-a
" xt
n ) - ’b - = 1 - ¢
ngo Yn(z, 0 —n )n! [ ; ] e

Rainville’s Polynomials:[252]

gn(z,a,b) = (22)"3F} 202 — =

1+6 ;
- t" 1+ a;
Zgn(x,a,b)—' = e Fy — ¢
n=0 s 1 + b7

When b = a, we get

Two generating functions [252, p.290 (7),(8)] are given by

L+t (1—t) =1+ ign(z)t"

where

gn(2) =220F1 (1 —n, 1 — 2;2;2)

t .o, o - gn-i-l(z)tn
2ze' Fy (1 — 2,2, —2t) = ; e R

A polynomial and generating function [252, p.298 (1),(4)] is given by

Ry(a,x) = %ﬂﬂ(—n; a+n;x),

o4

(1.23.83)

(1.23.84)

(1.23.85)

(1.23.86)

(1.23.87)

(1.23.88)

(1.23.89)

(1.23.90)

(1.23.91)

(1.23.92)



which are related to the proper simple Laguerre polynomial

L,(x) =1Fi(—n;1;2) (1.23.93)

1 a = R,(a,x)t"
ey F (—;— + =t —:ct) = it k. 1.23.94
il 2 vy, U

Generating relations [252, P.302 Q.3,Q.4] are defined as

1) (L2 —n,+ —L1—c—mn;
U, (c,7,y) =) (2 2)n?,F2 22 Yy (1.23.95)

(c) c, T-%2-n ;

1 = 1z W, (¢, z,y)t"
J2 (S BN (OO I N T R Dl 1.23.96
1 1(2 2707975)1 1<2+27c7 ) ot n! ( )
bo(z) = LR, ! (1.23.97)
() = oy | —n, 05— —= 23.
nt?"’ x
(L—t) e => O, (a)t" (1.23.98)
n=0

~+
3

(1.23.99)

Devisme’s Polynomials: [95, p.268 (19.11.4)]

Explicit (but Complicate) expression for the polynomials were given by Devisme

(1932,1933)
3 >
eV =N Uy (@, y)t" (1.23.100)

Z H,(x,y,2)— = exp(2xt — yt* + 2t°) (1.23.101)
Devisme (1932, 1933) [95, p.247 (19.6.14); see also 333]
(1 — 3at + 3yt> — %)~ Z HY (2, y)t" (1.23.102)

Devisme (1936)
[1—a2™+ (z—t)" Z C ()t (1.23.103)

95



Gould-Hopper Polynomials:[326, p.76 cf. (1.9) (6)]

oo t"
Z g (x, h)— = exp(xt 4+ ht™) (1.23.104)
n!
n=0
where m is positive integer m > 2
Replace = by 2z, h = —1, m = 2 we get a classical Hermite polynomials H,(x)
H,(z) = ¢*(2x, 1) (1.23.105)

Special case m = 2, h = —1 Gould-Hopper reduces to Dattoli polynomial.

A(m; —n); —-m\"
g (k) = aty | T n (=)

Humbert Polynomial and It’s Special Case:

Generalized Humbert Polynomials [326, P.86 (26),(27)]

(L= mat +1™)7 =" bl ()"
n=0

where m is a positive integer.

A generating relation of Pincherle is given by

(1— 3wt +1t%)72 = Z gn(2)t"

n=0

A generating relation of Humbert [132] is given by

(1—3at+t°)" = i e o()t"
n=0
A polynomial of Lahiri [177, p.118 (3.2)] is given by
Hy (1) = v"g,"(x, =1) = g;' (v, =1)
A polynomial of Gupta and Jain [121] is given by
Hymp(z) = V"Hy (2, —1) = Hp, (v, —1)

A polynomial of Srivastava [314] is given by

Hy () = ()" Fy amn (ﬂ)m

vr

I

26

(1.23.106)

(1.23.107)

(1.23.108)

(1.23.109)

(1.23.110)

(1.23.111)

(1.23.112)



The explicit form of the polynomial PnAm(x) is [Equation 7.1.3, pp. 135]

> B (@)t = (1 — mat 4 ™) (1.23.113)
n=0
where [ ]
= (=) N)n—(m—1)k (2z)" "™k
Py (x) = 1.23.114

Horadam polynomials [127, p.296 (2.6

—~
A

A
P (2) = )'n(2x —1)" (1.23.115)
’ n!
Gegenbauer polynomials
P)y(z) = C)(x) (1.23.116)
Horadam-Pethe polynomials [128]
P} y(z) = P,y (x) (1.23.117)

Gould Generalized Humbert Polynomial and Their Special Case:

The object of this section is to present some novel expansions, in particular a pair
of inverse series relations, which occur in the study of a general class of polynomi-
als defined as follows. By a generalized Humbert polynomial P,(m,x,y,p, C) we
mean the coefficient determined by the series expansion of H = H (t;m, x,y,p,C) =

(C — mat + yt™)P,

(C = mat+yt™P =Y Pu(m,z,y,p,C)t" (1.23.118)

n=0
where m > 1 is an integer and the other parameters are unrestricted in general.
That P, is a polynomial in x will be made evident later by means of explicit
formulas.

This definition includes many well-known and not so well-known special cases.

We tabulate the main cases, each name being followed by a year:

1
=07 = fulp,q),  Lowville(1722)

Pn 27 7_17_
(2:q 5

1
P.(2,x,1, ~5 1) =X, =P,(x) Legendre(1784)

P.(2,x2,1,—-1,1) = U,(x), T'chebychef f(1859)



P,(2,2,1,—v,1) = C}(x), Gegenbauer(1874)

1
P,(3,z,1, ~3 1) = “P,(x)”,  Pincherle(1890)

P,(m,z,1,—v,1) = H(x), Humbert(1921)

1
P,(m,z,1,——,1) = P,(m,z),  Kinney(1963)
m

Gould generalized Humbert polynomials [326, p.86 cf. 26, 1.9(13)]

(c — mat + yt™)? = Z P,(m,x,y,q,c)t" (1.23.119)
n=0

where m is a positive integer.
The polynomial P,(m,z,y,q,c) [117, p. 697]
P,(m,z,y,q,¢) — Ci(x), P,(x),U,(z), h; 2 (x)

» inam

The polynomial P,(m,z,y,q,c) [117, p. 699] defined as

(2]
—k
Py(m,z,y,q,¢) =Y (Z) ( 1 )cq_”+(m_l)kyk(—mx)"_mk (1.23.120)

n —mk
k=0

where m is positive integer and other parameters are unrestricted in general.
Bedient Polynomials:

Bedient polynomials [252, p.(297) (1, 2, 3, 5)]

A2;—n),l—a—F—n; 1
Gn(a, B;1) = M(zx)”gg ( ) P —| (1.23.121)
nl(a+ B)n 1—a—n, 1—B—n; @
Bedient’s polynomials [326, P.186 Q.48]
A2;—n),y—0; 1
R (B, 7; ) = (5),"(2:6)”3& Zimn)o = — (1.23.122)
lim Gy,(a,B;2) = C%(x) (1.23.123)
lim G,(a,B;x) = Co(x) (1.23.124)
B—ro0
lim R,(3,v;z) = C%(x) (1.23.125)
Y—>00

Bedient polynomials [326, p.186 |

] [(G/A)]n(a + /8)7’7, . n __ A:2:2 (a,A) L O, /B, a; Dy ,
T P
(1.23.126)
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> G R = F EZA; PP | s
= [(b8)]n(V)n B) 1 ;

Bedient polynomials [252, p.298 (6,7)]

> Gl Bia)t" =5 Fy (a, B+ B; 2at — 1) (1.23.128)

o0

> (a+B)Gula B 2)t" 2 oFy [, B —itla = Va2 = )| o Fy |, B =it + Va? = 1))

n=0

} (1.23.129)
"= (1.23.130)
3 —(O‘J)m"an(a,ﬁ; t" = Fy o, o, B, B;; ut, vt (1.23.131)

n=0 n
i @+ B0 (o )i = poz | T a fia B ut, vt (1.23.132)

— (M vio— =

> ‘;‘; R (B,v;2)t" = Fy [a, B, B; v, 7; ut, vt] (1.23.133)

n=0 n

where p =2 — 22 —1land v =ao+ Va2 — 1.
Multivariable Lagrange Polynomials of Chan, Chen and Srivastava:

Lagrange’s polynomial of three variables [166]
t’rL
Zgaﬁﬂ Ty, 2)— = (1 —at) (1 —yt) (1 — 2t)™" (1.23.134)

Lagrange’s polynomial of r variables [42, p.140 (6)]

(1 —2t) (1 —xot) .. (1 —at) " = Zg,(f”’o‘z """ ) (g1, T, . .., Ty )"
n=0
(1.23.135)
ay,ag,. .., 0 € C; 1t] < man{|z1| 7t |zt L 2T}

Addition formula [42, p.147 (35)]

gff“*'gl """ O‘TJFﬁT)(ml, e Ty) = nglof,;""ar)(xl, . ,xr)g,(fl """ Br)(ml, ce Ty)

(1.23.136)
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The relationship can be used in order to reduce numerous properties and charac-
teristics of the (two-variable) Lagrange’s polynomials from those of the classical

Jacobi polynomials [326, p.442 (8.5.17)]

¢ @A)z, y) = (y — x)"Plroemm=A) (x — y) (1.23.137)

A transformation formula for Jacobi polynomial [326, p.441 (8.5.16)] is given by
1 -1

P'rgoc—n,ﬁ—n)(x) — gé—av—ﬂ) <_.T—2|— 7_3: 5 ) (123138)

A transformation formula [326, p.452 Q.25; see also 325, p.318 (103)] is given by

Qr —
97(10475) (% y) _ ynpéa-l-ﬁ—lrﬁ—n) ( x y) (1.23.139)
Y

Put y = f—fl in above equation, we get

+1\" 2z
p(a_t,_ﬁ—l,—[j—n) _ z (a,B) 1.23.140
n (2) 20z ) I\ ( )
Two-variable Lagrange polynomials gﬁla’ﬁ)(% y) [54, p.254 (3.5)]
gga,ﬁ_n) (x’ y) — grSlOC’_a_ﬁJrl) (x — y’ —y) (123141)

Property of Lagrange polynomials [54, p.255 (3.6), (3.7)]

(c,8)

9\, y) = g (y, ) (1.23.142)

The relationships [54, p.255 (3.9)] is given by

a,B—n a,—o— n p(—a—n,a+B—n— I_Qy
G ) = g ey —y) = Py (122

s
2 —
_ (:IZ)”P,EOH_B_n_L_a_n) ( y w) (1.23.143)
X
Péa«#ﬁfnfl,fafn)(x) _ xfngfla,,@fn) (l’, W) (123144)

Lagrange-Hermite Polynomial of » Variables of Khan-Shukla: [166]

Lagrange-Hermite polynomial of three variables

n

t
Dz, y, =1 —at) (1~ yt?) (1 — 2% (1.23.145)

WK
%
=

[e.9] tn
D bl (g oy ) = (L= at) T (L= aat?) (L= at) ™

(1.23.146)
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Chapter 2

Some Linear, Bilinear, Bilateral
Generating Relations and

Summation Formulae
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2.1 Introduction

Linear Generating Functions:

Consider a two-variable function F'(z,t) which possesses a formal (not necessarily

convergent for ¢ # 0) power series expansion in t such that

= Z fn(x)t

where each member of the coefficient set {f,(z)}5°, is independent of t. Then
the expansion of F'(x,t) is said to have generated the set f,(x) and F(z,t) is

called a linear generating function (or, simply, a generating function) for the set
falz).
The definition may be extended slightly to include a generating function of the

type

o0

= cngnla)t (2.1.1)

n=0

where the sequence {c, }2°, may contain the parameters of the set g,(z), but is
independent of x and ¢. A set of functions may have more than one generating

function. However, if G(z,1) Z hy(x)t" then G(x,t) is the unique generator

for the set h,(x) as the coefficient Set.

Now we, extend our definition of a generating relation to include functions which
possess Laurent series expansion. Thus, if the set f,(x) is defined for n =
0,£1,42, ..., the definition (2.1.1) may be extended in terms of Laurent series

expansion
o

Frat)= Y sl

n=—oo

where the sequence {7, (z)}22, is independent of x and t.

Bilinear Generating Functions:
If a three-variable function F'(x,y,t) possesses a formal power series expansion

in t such that

F(z,y,t Zvnfn fa(y)t",
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where the sequence {7,} is independent of x,y and t, then F(z,y,t) is called a
Bilinear generating function for the set {f,(z)}.

More generally, if F(x,y,t) can be expanded in powers of t in the form

I y; nynfozn fﬂ(n( ) )

where a(n) and S(n) are functions of n which are not necessarily equal, we shall

still call F(z,y,t) a bilinear generating function for the set {f,(z)}.

Bilateral Generating Functions:
Suppose that a three-variable function H(z,y,t) has a formal power series ex-

pansion in t such that

H(x,y,t) thn 2)gn ()",

where the sequence {h,} is independent of z,y and t, and the sets of functions
{fu()}so, and {g,(z)}>2, are different. Then H(z,y,t) is called a bilateral
generating function for the set {f.(x)} or {g.(z)}.

The above definition of a bilateral generating function, used earlier by Rainville
[252, p.170] and McBride [199, p.19], may be extended to include bilateral gen-

erating functions of the type

l’ y7 Z’ynfoa(n ( ) n)

where the sequence {7,}. is independent of x,y and t, the sets of functions
{fu(x)}22, and {g.(z)}°, are different, and «(n) and B(n) are functions of n

which are not necessarily equal.

Extended Linear Generating Functions:

An extended linear generating function is a generating function of the type

m x, t ZAmnfm—l—n

where m is a fixed integer > 0.
In this chapter, we find some summation formulas and generating relation asso-

ciated with Gauss hypergeometric polynomial, are obtained by means of series
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rearrangement techniques and some algebraic properties of Pochhammer’s sym-

bol.

In 2007, Alhaidary [4, p.41 (19)] solved the integral

/ x¥exp <—g> L?(x)J,(uz)dz, by means of orthogonality property of poly-
0

nomials, tridiagonal matrix representation, three-term recursion relation, good

knowledge of differential equation and properties of Bessel function etc.

In 2008, Alassar, Mavromatis and Sofianos [2, p.265 (7),(11)] solved the same

integral / x¥exp <—g> L?(z)J,(uz)dz, by means of good knowledge of hy-
0

pergeometric integrals involving special functions.

Solving above same integral by two different methods and equating them, Alas-

sar, Mavromatis and Sofianos [2, p.266 (13)] proved the following summation

formula

Z”: (—2)kn! —k —k+1

(142Kl n =k [ 27 2

(2.1.2)

The object of this chapter is to apply the concept of fractional derivatives to
obtain generating functions. In the process we build up a fractional derivative
operator which play the role of augmenting parameters in the hypergeometric
functions involved. We then employ this operator in identities involving infinite
series and this exercise culminates in linear as well as bilinear generating functions

for a variety of special functions.

We also obtain a Bilinear generating relation for the restricted Jacobi polyno-
mials, using the fractional derivative technique. By the process of confluence, a
number of interesting Linear, Bilinear and Bilateral generating relations for the
restricted Jacobi and Laguerre polynomials, are derived as special cases. Known

generating relations of Khan [153, 156] are also deduced.

Furthering the findings we establish a generating relation for the product of two
restricted Jacobi polynomials, using the fractional derivative operator (1.2.26).
A number of interesting generating formulae for Jacobi and Laguerre polynomials

are obtained as special cases.
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2.2 Linear Generating Relation and Summations

When v # —1, -2, ... then without any loss of convergence, we have the following

results
. n> —k —k+1 th
S (3)on [3 2] o
— (k 2 2 (1+y)
= (—t)k(— —n+k —n+k+1 t%b
oy BCn 1{ ke S WP 22} (2:2.1)
— (1+y)*k! 2 2 (1+y)
. : : : . -k —k+1
The right hand side of (2.2.1) is generating function of o F} TR 1+ wv;bz|.

By suitable adjustment of parameters and variables in generating relation (2.2.1),

we obtain following summation formulas,

i( (—2)kn! P {—_’f ﬂ;l—f—wz}

1+ 2)fkln—k)> [ 27 2
k=0
1 [ 2z 1"
= T | ) v 65T oy [-n,—v —n;1+v;uw] (2.2.2)
1 i 2z 1"
- T | ) /65T oy [—n,—v —n; 1 +vyws]  (2.2.3)
"L (2)F(—n)y —n+k —n+k+1 —4z
VERSVEXELE! ; i1+ 3
= (1+2)kk! 2 2 (1+2)
1
where
2xwy = (22 +1—42)+ (1 —2)/ (22— 62+ 1) (2.2.5)
2wy = (22 +1—42) — (1 — 2)y/(22 — 62+ 1) (2.2.6)

2.3 Linear Generating Relation using Series Re-

arrangement Technique

Suppose left hand side of (2.2.1) is denoted by (2, then

(2), 2 )

(1+v), r!

[N

(5]

QO 2": nltk
N — (L +y)*k!(n — k)!

r=0
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SIS

no |

1k (_ .

- i :'t( k)2’; (b2) (2.3.1)
k=0 r=0 K1+ y)*(n— k)22 (1 +v), 7!

Replacing k by k + 2r in equation (2.3.1) and applying series manipulation for-
mula (1.22.9), we get

n 3%
nIth 2 (—k — 2r),, (bz)"
-3y | T 222
= (k4 2r)/(L+ )t (n — k —2r)122 (1 +v), !
254 _
n (1) kR (— 2 n+k ntk+1 2r r
—~  (1+y)"k! (14 v).(1+y)?* 7!

Now write inner summation of (2.3.3) in Hypergeometric notation, we obtain the

generating relation (2.2.1)

2.4 Some Summations Formulae

Case-I: Put b =1, ¢t = —2 and y = z in both sides of generating relation (2.2.1),

we get
= (— 2)knl —k —k+1
F, | —= -1 .
= (2)"3( n)k —n+k —n+k+1 4z
= F ;1 ; 241
;0(1+z)kk!2 o2 SRR Fa T (24.1)

Suppose the left hand side of (2.4.1) is denoted by ¥, then

k

" (2)F(—n)y —n+k —n+k+1 4z
U = ———— F} i1 — 2.4.2
20(1+z)kk!2 N I R N F D (242)

Now applying Goursat’s quadratic transformation (1.21.7) in right hand side of
(2.4.2), we obtain

U = (2)( n>kF[—n+k,—n+k—y;1—|—u;z]

T o2t
— (1+z)"k!
s nka’ (—n+k)(—n+k—v), 2"
B — & 1 + 2)"k!(1 + v), 7!
1 e (=n)pyk (= — n)pyp 2" 2F 1
——=—F|-n,—v-n;14v,—v—
(1+2)" r;() (14+v)(—v—n) Ikl (1+2)" 1

(2.4.3)
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Now applying a reduction formula (1.21.21) of Bailey in (2.4.3) for Appell’s
function of fourth kind Fy, after simplification, we have (2.2.2) and (2.2.3).
Case - II: Put b = —1, t = —2 and y = z in both sides of (2.2.1), we get

k=0

= (2)F(—n) —n+k —n+k+1 =4z
_Zo(l—kz)kk!QFl 5 5 1+ L (2.4.4)

Now equating right hand sides of (2.4.4) and (2.1.2), we have a new summation
formula (2.2.4).
Case - III: Put b = 1, t = —2 and y = —z in both sides of (2.2.1), we have

another summation formula

N =

k=0

"L (2)F(—n) {—n—l—k —n—i—k—l—l; o 4z }

F
(I—2)kk1> 1 2 2
k=0

2.5 Bilinear and Bilateral Generating Relations

using Fractional Derivative

Consider the generating relation of Feldheim [113, p.120 (12)] in the form

00 1 t —a ; (1—a)t
Z P ()" = exp {( +2) } 1 F (1—2) (2.5.1)
n= 0 2 1+ c;

n

where P (x) and 1 F} are restricted Jacobi’s polynomials and Kummer’s con-
fluent hypergeometric function [252, p.123 (1)], respectively.
In equation (2.5.1), replacing ¢ by bt, multiplying both the sides by (1—by)™b%!,(m

being a positive integer), using the operator Dédie)

on both the sides and inter-
preting the result with the help of the definition (1.2.26), we get the bilateral

generating relation in the form

P(Ca n)( ) —m,d+ n;

Z 21 by | (bt)"

n=0 e+n
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di———:——a ;—m; b(l+z)t b(l—2a)t
e — ——:—14+¢c —; 2 7 2

by (2.5.2)

where 5 F} and F® are Gauss’s ordinary hypergeometric polynomial [252, p.45
(1)] and Srivastava’s triple hypergeometric function respectively.

In (2.5.2), replacing y, d, e and b by 1_Ty, 1+d+e+m, 1+ e and 1, respec-
tively and using the definition (1.23.38) of Jacobi’s polynomial, we get a bilinear

generating relation for Jacobi’s polynomials in the following form

im' L4+ d+e+m), P (a )Pﬁmd)(y)tn
— (14 €)min(l+ )y

_ P l+d+e+ms———:——a ;—m; (1—1-56’)15’(1—1‘)2571—?/
I+e ey ==l = 2 2 2

(2.5.3)

2.6 Linear, Bilinear and Bilateral Generating

Relations using the Process of Confluence
. . 2x )
In (2.5.2) setting b = 1, replacing = and ¢ by (— — 1) and —(14-c)t, respectively,
C

taking |¢| — oo, using the confluence principle [184, p.49 (3.5.6); see also 13,
pp.333-334 (5.6); 322, p.103 (5.3.4)], we get

i (a=n) (x)zFl —m,d+n; ol e
n= e+n;
= 3<I)g) [d, —a, —m;e; —t,y, —xt] (2.6.1)
= @g’) [d; —a, —m, —; e; —t,y, —xt] (2.6.2)
= Fp,|d,d,d; —a,—m, —; e, e, e; —t,y, —xt] (2.6.3)

Here L™ (x) are the restricted Laguerre’s polynomials (1.23.39).

t
In (2.6.1) or (2.6.2) or (2.6.3), replacing e, t and y by 1 + e, pi and %, respec-

tively and taking |d| — oo, we get a bilinear generating function for restricted

Laguerre’s polynomials

= Ly ()L™ (y) ©
t" = [—a,—m; 1 +e;—t,y, —at 2.6.4
Z (1 +e)m+n 3 [ Y } ( )

n=0
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Setting t = —y in (2.6.3) and using a transformation of Exton[98, p.91], we get

i (d)n LY (2) —m,d + n;

R y| (=y)" = @1 [d; —(a+m);e;y, xy]
(€)n e+n

n=0 )

(2.6.5)
Replacing y by —y and taking m = 0, (2.6.5) reduces to a known generating
function of Khan[156, p.183 (4.6)]

o0 (a=n) (.
) %y” = & [d; —a;e; —y, —xy] (2.6.6)

When y is replaced by %, taking |d| — o0, (2.6.6) reduces to another known
generating function of Khan [153, p.439 (3.1)]

= L (g
( )y” = &3 [—a;e; —y, —zy] (2.6.7)

;% (€)n

When y =0 or m =0, (2.6.3) reduces to (2.6.6).
When x = 0, (2.6.3) reduces to

> (), —m,d+n; n
> Mﬂﬂ y Fy [d; a; —ms e;t, y] (2.6.8)

n=0 (6)n et+n n!

t
Replacing t by — in (2.6.8) and taking |a| — oo, we get
a

= (d), —m,d + n; n
Z( L y| = = i ld; —m; ey, 1] (2.6.9)
— (€)n etn n!

t
On replacing y, t and e by %, p and 1+ e, respectively and taking |d| — oo,
(2.6.8) reduces to

o0

m!(a), etn), A 1"
> <1‘+‘<6>> L) = Sl il ety (2:610)
n=0 m-rn °

Similarly by the process of confluence, (2.6.10) gives

- eT+n tn
T L (y) = = @3 [=m; 1+ e, 1] (2.6.11)

m!

n=0
When y = 0 or m = 0 in (2.6.4), we again get (2.6.7) and when x = 0, (2.6.4)
reduces to (2.6.10). Alternatively (2.6.1), (2.6.8) and (2.6.9) can also be written

in the following bilateral and linear generating relations

Z (1 +e+d+ m)n L(afn) (.I‘)P(e+n’d) (y)tn
—~ (l+e+m), " "
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(14 €)n

]_ _
= —'3<I>g) l+e+d+m, —a, —m;1+e;—t,Ty,—xt} (2.6.12)
m!

(a)p(1+e+d+ m)np(e+n7d) "
(1+e+m), "

NE

n!

3
I
o

and

i (Ltetdtmn piema,, " _ 0+ f)m
m:

(1+e+m), ™ n!

n=0

(y)—

70

(I1+e)m

m)!

o

Fy {1—|—e—|—d—|—m,a,

I—y
—m:1 -t
m7 +e77 2

(2.6.13)

]__
1+e+d—|—m;—m;1—|—e;—y,t1

2
(2.6.14)

|



Chapter 3

Some (Generating Relations
Involving Multi-Variable

Laguerre Polynomials
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3.1 Introduction

In this chapter deals with m-variable polynomial sets generated by the functions
in the form €'y (z1t)da(wat)ps(3st) ... pm(xmt) and two generating relations are
obtained as applications of general theorems associated with multiple series iden-

tities.

If m-variable polynomial sets o, (z1, 2, z3,. .., z,) has a generating function of
the form e'¢y (x1t)po(22t)P3(wst) . .. G (zmt) given by equation (3.4.1) then theo-
Tmt

rem 2 yields another generating function in the form (1—¢)~¢G (f—i’;, f—i, %}i, e ﬁ)

given by equation (3.4.3) for same polynomial set o, (1, T2, T3, ..., Tm).

3.2 Partial Differential Equations Associated with

Polynomial Sets

Theorem 1

If
6t¢1<551t>¢2(372t) N ¢m(xmt) = Z Un(x]_a x2’ . ,l’m)tn (321)
n=0
then
0 o P
a — 4+ ... — . = 2.2
(m O + X9 O + + xm@xm) oo(T1, 9, ..., Tpy) =0 (3.2.2)

and forn >1

(t1=— + 20—+ -+ Tp=—)on(T1, T2, ..., Tp) — N Op(x1, 22, ..., Tp)

axl 8272 8l’m
= =0, 1(T1, T2, ..o, Tin) (3.2.3)

Proof:- Let us consider the generating relation of the type

e'1(x1t)pa(wat) .. i (Tmt) = Y onl@1, T2, ., T )t (3.2.4)
n=0
Suppose
F = e'gi(ait)ga(ast) ... om(Tmt) (3.2.5)
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or

F= €t¢1¢2 o Pm
Then
oF
Fraie =t e'¢\dads... om (3.2.6)
oF
81’2 = t6t¢1¢2¢3 e ¢m (327)
oF
61‘3 = t@ ¢1¢2¢3 . Qbm (328)
similarly
O tettndags... 8 (3.2.9)
axm_e 19293 . .. P,y /N
and
oF t . t o
o " °© "p10203 . .. P + T1€ W D23 . . . Dy + T2 D15 . . Py
+ $3€t¢1¢2¢g Ce ¢m + ...+ $m€t¢1¢2¢3 Ce ¢;n (3210)
Eliminating ¢1, ¢}, ¢a, @5, ¢3, @, .. .. .. , Om and ¢ from the above equations, we
obtain
0 0 0 0 oF
. — | F—t— = —itF 2.11
($1 8271 + (L’Qa + ZL‘3a 3 + xm8$m> ot (3 )

From equations (3.2.4) and (3.2.11), we have

(o @]
n o __ n+1
— g n on(T1, Te, T3, ..., Ty)t" = — g On(T1, T2, T3,y .o, Ty)T
n=1 n=0

oo

E n
= - O-n—l(xlax%xfﬂ?"'axm)t

n=1

Now equating the coefficients of like powers of t, we get (3.2.2) and (3.2.3).

3.3 Series Representation of Polynomials

The series representation of o, (1, xe, 3, ..., Ty,) is given by
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O'n(l'l,.il?g,.’ﬂg, RN ,.CEm)

_ z": ”i "’“’“ikm a1(kr) as(ks) as(ks) . ap(kn)z: P aoR2ashs b
P S — b0 (n — ]{31 — ]CQ — k’g — ... — k:m)'
TR st s () oalha) aalhs) - an(hn)
N n!
k1,k2,k3,....km=0
X (=) (—x0) " (—a3)™ (=)™ (3.3.1)
where {ai(k1)}, {a2(k2)}, {as(ks)}, ...,{am(kn)} are bounded sequences of
arbitrary real or complex numbers, V. k; € {0,1,2,...}; 1< <m.
Proof:- Suppose the functions ¢1, ¢a, ¢P3,.......... ,m in (3.2.1) have the formal
power-series expansions.
$r(ur) = Y ar(k)ul’;  ai(0) #0 (3.3.2)
k1=0
$a(uz) = Y ap(ko)ub®  ax(0) #0 (3.3.3)
ko=0
¢3(us) = Y as(ks)uf®;  as(0) #0 (3.3.4)
k3=0
and
G (tm) = Y (ki )ulys  am(0) #0 (3.3.5)
k=

Then (3.2.1) yields
Z 0n<x17 L2, L3y - - 7xm)tn
n=0

tn+k1 +kotk3+...4+km

= Z Z ay (k) ¥ ag (k) xh2 . ap (kp )k

n!
n=0 k1,k2,k3,....,km=0
(3.3.6)
Now using multiple series identity (1.22.7), we get
Z {Un(l'l, T2, T3, ... ,iL‘m)} t"
n=0
n n—k n—ki—ko—...—km—1
— {Z Zl ' QZ (ll(kl)(&(kg) Ce am(k’m)l’lkll’gb C l’mkm } o
k1=0 ka=0 - (n—ki — koo —kp)!
(3.3.7)

Now comparing the coefficients of ¢ in equation (3.3.7), we get the series repre-

sentation (3.3.1) for o, (z1, T2, T3, ..., Tpm).
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3.4 General Theorem Associated with Gener-

ating Relation and Generating Function

Theorem 2

It

6t¢1(l‘1t)¢2(l‘2t)¢3(1'3t) ¢m ZL’m Z Un T1,T2,L3,...,Tm, )tn (341)
and

Sr(ur) = > ar(k)ul’s  da(uz) = ) as(ka)us?;
k1=0 ko=0
3(us) = Y ag(ks)ub®s o Gmlum) = D am(km)uly; (3.4.2)
k3=0 km=0
where a1(0) #0, a2(0) #0, a3(0)#0,...a,(0)#0
then
e x1t  xot x3t Tml \ > n
(1—-1t)°G (1 TPl —t) = ;(c)non(xl,xg,xg,...,xm)t
(3.4.3)
where c is arbitrary and
G(wla w2, W3, - . - uwm)

= Z Z Z Oyttt k@1 (k1) a2(k2) ag(ks) - am (k) wi whws® .. wpr

k1=0 k2=0 km=0

(3.4.4)
where {ai(k1)}, {a2(ka)}, {as(k3)}, ..., {am(k,)} are bounded sequences of
arbitrary real or complex numbers, V. k; € {0,1,2,...}; 1<ji<m.
Proof:-Now consider the the new series in the form
Z(C)n0n<$1, T2, T3, ... 7xm)tn
n=0
B (z": "z’i ”‘“"“2‘2’“3:"“"“’“ (a1 (k1) az(ks) . . . am (k)21 Fz"2 . . :L’mkm> "
=\ = (n—ky—ky— ... —kp)!
(3.4.5)

Now using multiple series identity (1.22.8), we get
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o

Z(C)nan(xla T, ... 7$m)tn

n=0
= N ( i () ntkithot otk @1 (K1) a2(ka) ... (k) (xlt)kl(x2t)k2 e ($mt)km> "
n=0 \ki,k2,....km=0 (n)'
(3.4.6)
= Y (Okskorthati(kr) ax(ka) - (k) (218)™ (228) . ()" X
k1,k2,..., km=0
etk +ka+ ..t k).,
x> — t (3.4.7)
n=0
= Y (Oksborthatri(kr) ax(ka) - (k) (218)™ (228) . ()" X
k1,ka,....km=0
c+ki+ke+ ...+ kn;
1 Fy e t (3.4.8)
= Y (Okskorthati(kr) ax(ka) - (k) (218)™ (22) . (2t)" %
k1,k2,....km=0
> (1 . t)f(c+k1+k2+...+km) (349)
Therefore
> (Onon(r, e, e )t =1 =17 Y (O shat k@1 (k1) az(k2) (ki) X
n=~0 k1,k2,....km=0
k1 ko km
ZL’lt I'Qt xmt
— 4.1
X(l—t) <1—t) (1—t) (34.10)

_ 1t Xt Tt
=(1—-1t)°G
( ) (1—t’1—t’ ’1—t>

where G (£, 228 Zml) g defined by the equation (3.4.4).

3.5 Applications of Theorems 1 and 2 in Gen-

erating Relations

If &1 (ur), p2(ug), P3(us) ... om(um), are specified in hypergeometric forms, then
theorem 2 gives for polynomial sets o, (z1, 2, 3, ..., Zy), a class of generating

relation involving m-variable hypergeometric polynomials.
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Now apply theorems 1 and 2 to Laguerre polynomials of m-variable

LY ozeom) () g L 2y, defined explicitly by (1.23.36)

1 a1 ne-- (1 m)n
Lo am)(xl,xg,...,xm):( ta)a(l+az)n. . (L+am)n
(nt)™
X\Ilgm) [—n; 1+ ag, 14+ o, ..o, L+ @1, X, - oy Ty (3.5.1)

Now consider a polynomial set in the form

()LL) () g, T)
(21, T, ) = 3.5.2
a1, %2, Tn) 1+ a)n(L+ @) (L + com)n (352)
and
i) = oFi(—51 + ;- = 3 353
1\U1) = ol'1\—; Qap;, —up —k 0k1!(1+a1)k 9.
=
(=)
Pa(u2) = oF1(—; 1+ ag; —us) ;k2l(1+a2)k (3.5.4)
(1)
=oFi(—:1 - = 5.
d3(us) = oF1(—; 1+ as; —us) gk3,(1+a3)k (3.5.5)
similarly
(1), e
) = 0Fi(=i 1+ i) = 3 - !(fw ) (3.5.6)
Then
(1" (—1)* (—1)Fm
)= — (k) = — (k) =
al( 1) kl!(l"i_al)kl,a@( 2) kQ!(l“"OCQ)kQ, @ ( ) km‘(1+am)km
(3.5.7)

Then generating relation is given by

etoFl(—;1—|—CY1;—.T1t)QF1(—;1+042;—£B2t)...0F1<—;1+am;—l‘mt)
)™ 17 (o102, O‘m)(xl,:vg,...,xm) "

Z 1+a1 Jn(l4+ a2)p ... (14 am)n ! (358)

n=0

We use theorem-1 to conclude that

0 0 o (
oy 0Ty m Liozean) e Ty) =0
(ml O0xq +x28x2 te e axm) 0 (T1, 22, .., )

and for n > 1,
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0 0 0
- L(al,ag,...,am) o -
(:L’l—axl + $2_8x2 +...+x _8xm> " (x1, 22, ..., Tm)

(1 +n)(az+mn)...(m+n) L(alia2""’am)
nm—l n—

—nNn L1(/LC¥1,O£2,...,OZm)(x17 x27 e ,:L‘m) = — (x:l? ./L‘27 . ’xm)

(a1,02,...,00m) (

In applying theorem-2 to Laguerre polynomials of m variables Ly, T1, Ty T )y

and

G(wy, wa, ..., wy)
o0 [e.9] o0
= Z Z Z ks kot .tk @1 (K1) a2(ha) .. am(/fm)w1k1w2k2 T
k1=0ko=0  km=

00
(_1)k1+k2+ +kmw1k1w2k2 L wmkm

_ Z ( )k1+k2+ +k
P Sy — kl'k’gl c. km'(l -+ al)kl(l + ag);@ e (1 + am)km

= wém) [C, 1 + aq, 1 + Ao, ..., 1 + Ay —W1, — W2, ..., —U}m] (359)

Therefore theorem-2 yields

) —x1t —xot —Tml
(1- 0“4 [ EEEER R b par i per iy
o0 Y(O)n Loz )($171’2v-"’xm)
Z o (3.5.10)

— 1+a1 W14+ a)n ... (14 am)n
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Chapter 4

A General Family of Generating

Functions

79



4.1 Introduction

In this chapter we derive two general theorems on generating relations for a
certain sequence of functions. The generating functions for multivariable gener-
alized hypergeometric polynomials are shown here as special cases of a general
class of generating relations. A number of results associated with Jacobi, Khan-
dekar polynomials of several variables and other results of multiple Gaussian
hypergeometric functions scattered in the literature of special functions follow as

applications of main results.

It has been observed that the generating functions play a remarkable role in the
study of the polynomial sets. Therefore, an attempt has been made to establish
some interesting generating relations for generalized Hypergeometric polynomials

by making use of series iteration techniques in the present study.

4.2 General Multiple Series Identities

Theorem 1: Let {S,(n, ki, ko,....kn)}, ¢ = 1,2,3 be bounded multiple se-
quences of arbitrary real or complex numbers, for every n, k. € {0,1,2,...}; r =
1,2,...,m. Also let (\), type notations denote the Pochhammer symbol defined
by (1.2.11) and z1, 2, . . ., 2, are several complex variables; Iy, I, ..., I, are ar-

bitrary positive integers, then

00 L<n m n
251(71) Z (=n)r Sa(ki, ks o ooy Koy H{ (0; +n)k )'}t|
n=0 k1,k2,....km=0 j=1 j I n.
_ - - n+L+k t)I]k] Z t"
- n,kl,k;kmzo S+ L) Salbn ko, ]1:[1 { i ntr (Kj)! }n!
(4.2.1)

provided that each of the multiple series involved in (4.2.1) converges absolutely

and L = 11]{]1 —+ [ng + 4 Imkm
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Theorem 2: Under the hypotheses stated of theorem 1, we have

L<n

Sy(n — LY 41— LYty thototbm [ 1T 257 Y om
Z Z ( )( (n_L)!)k: kot tk {jl_[l(]g])l}t

n=0 k1,ka,...,

j=1 n=0 >

=1

_ (1 — i % t[j>_/\i S?;l(!”) (1 - ! | tl')n (4.2.2)

provided that each of the multiple series involved in (4.2.2) converges absolutely
and L = Ilkl + [2]{)2 + -+ Imkm

It is important to note that theorems proved here, are of very general nature.

Proof of (4.2.1): The L.H.S. of equation (4.2.1) can be written as

) Ik +1I2ko++Imkm<n
T= Z Sl(n) Z (_n)llk1+12k2+”'+lmkmSQ(kl’ k2’ s km)x
= k1,k2,..., km=0
k1 ko k n
21 z zpym t
((91 + ?I)kl (92 + n)kQ 2 . (9m + n)km — (423)

(k1)! (kz)! (km)! n!
Replacing n by n+ I1ky + Ioko + - - - + L,k in (4.2.3) and using the lemma [326;

p.102 (17)]
oo Iiki+Ika+4Imkm<n

> A(ns by Ky, hi)

n=0 E1,k2,... km=0

=Y Y A+ DLk + Dky+ o+ Lk by ko, k) (4.2.4)

T=> > Sin+DLki+ Lyt + Lnkm)Sa(kr, ko, - Kon) X

n=0 k1,k2,....km=0

( t)]lklz k1

(K1)!

(O + 1+ Liky + ks + -+ Inko)k,,

(_t)fzkzzzk‘z

x(91+n+[1k1+12k2+. . +Imkm)k (k’ )'
2):

(Oa+n+11ky+1okot -+ 1K)k,
(_t)lmkmzmkm tn

(km)! n!
Now using the definition of Pochhammer symbol I'(a + n) = ['(a)(«),, we get
the right hand side of (4.2.1).

(4.2.5)

This identity completes the proof of theorem (4.2.1) under the assumption that

the series involved, are absolutely convergent.
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Proof of (4.2.2): The L.H.S. of equation (4.2.2) can be written as

oo Iiki+Icko++Imkm<n

R = Z Sg(n—jlkl—]ng—"'—fmk}m)x
n=0 k1,k2,....km=0
A+ n—Tiki — Lks — - — Lykm)kythotothm 2™ 2272 - 20 t"  (4.2.6)
(n — Liky — Loky — -+ — Lyk)! (k)1 (k2)! -+ (ki) -

Replacing n by n + I1ky + Iks + -+ + Lk, in (4.2.6) and using the lemma
(4.2.4), we get

ad t > ()\ + n>k +kot-+k (thh)kl (ZQtIQ)kQ tee (thlm)km
R — Sg( - 1 2 m
Z n! " k2§m_0 (kl)l(k2>l(km)l
(4.2.7)
Now using the reduction formula [326, p.52 (3)], we get
- t N (A n)p[aath 4 2ot 4 2 P
R=S s .
n=0 =0
—253 —‘ 1—21t1—22t12—"'—2mt1m) A—n
A S3(n) t !
(1= oy th — gty )
(1=2 = Znt ™) ; nl \1—zith — 2t — oo — 2t

which is the right hand side of (4.2.2).

4.3 Applications

It is very interesting that formulae proved here, is leading to certain generaliza-

tions of the various well-known results due to Shrivastava, Rice et-al.

(1) Settlngm: 3,]1 = Ig = Ig = 1721 = T,2 = Y,23 = 2,91 = ].+Oél+ﬁ1,
0 =1+as+ 2,05 =1+a3+ s

Si(n) =1+ a1+ Bi)a(l+ a2 + B2)n(l + s + B3)n

and

_ (V1) ks (V2)kp (V) 15
Sk b k) = o T s (7)1 (1 + 02)is (7)1 (1 1 )
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in theorem 1, interpreting L.H.S. in terms of generalized Rice polynomials
(for r = 3) defined by (1.23.70) and R.H.S. in terms of Srivastava-Daoust
function(1.18.1), we get

o0

3
]' 3 )n . .
H{ +oa; + 6) }(n!>2HT(L0!1,5170427527C¥3,53) [V1§ 01 Usi 0o i U305 1 T, Y, 2 ]tn
N 1 + i)n

n=0 1=

[1—|—0¢1+ﬁ1:1,2,1,1], [1+a2+ﬁ2:1,1,2,1] [1+053+53 1,1,1,2

— (112 1] ; (g 1 1] ; (g1 1] ;
t, —xt, —yt, —zt

=L+ a1, (o 1s[14+ g : 1], [o2: 1]5[1 4+ ag : 1], [o3 : 1];
(4.3.1)

(ii) Settingm =211 =l =121 =2,2 =y,01 = 1+a1+ 51,0, = 1+ as+ s,
Si(n) =1+ a1+ Bi)n

and

B (V1)1 (1),
Salb o) = 10 T a)i (o) (1 0l

in theorem 1, interpreting L.H.S. in terms of generalized Rice polynomials
(for r = 2) defined by (1.23.70) and using Euler’s first linear transforma-
tion[252, p.60 (4)] in the R.H.S., we get

= [ (Lt + B)a(n) |
H(alyﬁl,ag,ﬁz) . t
;{(14—&1)”(14_@2)” n [Vlaal Vy,09 . X y]

[14‘0&1"‘6112,2,1] [1+062+52 2,1,2] [ 1,0,1]:
— (1=

l+a+5:2,1,1), [1+ay:1,0,1] , [o2:1,0,1]:

_ t2 —x —ut
(13)27 (1_527 (1;yt) (4.3.2)
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M+ ao+58:21,2, [L+ar+ 6 :2,21], ;n:1,1,0:
R i

M+ay+6:2,1,1], [14+ay:1,1,0] , o1 :1,1,0]:

; 1] 5

—at? —at gt (4.3.3)

(1—)27 (1-t)’ (1-t)2

sloe 1, [1+ ag @ 1];

9

(iii) In equation (4.3.1), replacing = by 5%,y by 1%

= 01,V =
09,3 = 03 and using the definition of generallzed Jacobi polynomials (r=
3) defined by (1.23.79), we get a known generating relation of Shrivastava
271, p.66 (19)]
oo 3
1 (3 )n . .
Z H { +ai+ i ) }(n!)2p7§a1751 j 2,02 ,as,ﬁS)(x’ v, Z) "

(1+ )y

n=0 =1

[1+041+ﬁ11,2,1,1] [1+042+52 1121] [1+053+63 1,1,1,2]

_ 13:0;0;0;0
- FO:O;I;I;I

¢ (z—=1)t (y—1)t (2—1)t
’ 2 2 2

sl+ar 15 [1+ag: 15[l +ag:1];
(4.3.4)

(iv) In (theorem 1) settingm =1, I = 1, 0; = (1+a+03), Si(n) = (1+a+8),,

Sa(ky) = (HS)%’ 21 = v, using the definition (1.23.66) of Khandekar

polynomials of one variable, we get

A2 1+a+B), €

> 1 + o+ ﬁ ( 8) —a—
a, "= (1—t a=B, [ —4ut
nE Ot HP[E p,v] (1) 3 e

I+a, p ;

(4.3.5)

which is well known generating function [171, p.159 (4.2)] for the general-
ized Rice polynomial defined by (1.23.66), where A(N;a) = &, o1 ... oth=l

The equation (4.3.5) was obtained by Khandekar [171], using Beta integral

technique.
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(v)

(vi)

In (theorem 1) settingm =1, I; = 1, 6, = (1+a+p), Si(n) = (1+a+p),,

Sa(ky) = , z = 1%, using the definition (1.23.38) of classical Jacobi

(1+a)
polynomials, we get:-

(1+a+B) (2+atp) .
2 2 ’

- 1+C“+ﬁ a,B) n __ 1ocB 2(z—1)t

14+« ;
(4.3.6)

which is well known generating relation [252; p.256 (10)] for the Jacobi
polynomials defined by (1.23.38) and can also be obtained directly from
(4.3.4).

In (theorem 2) setting m = 2, I} = I, = 1, putting S3(n) =

j=1
using the double series identity of Srivastava [326, p.52 (2)] and replacing

(21 + 22) by z, we get

A
- H(ai)n —n,1—=A—n,1—(bg) —n ;

i= Ak
2 —peall S e
n=0

11 1—(a4) =n ;

7j=1

(aa) ;
= (1—2t)aFp —t (4.3.7)

(1—2t)
() ;

which is a particular case of known generating relation of Srivastava[309,

p.76 (3.1); see also 326, p.145 (30)].

For different values of m, Iy, I», I3, . .. and bounded sequences we can derive
a number of known and unknown generating relations involving general-
ized hypergeometric polynomials and Kampé de Fériet function of two
variables. Srivastava function F® and its special cases, Exton’s double

hypergeometric functions and multivariable Srivastava-Daoust function.
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Chapter 5

Some (Generating Relations and
Hypergeometric Transformations

using Decomposition Technique
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5.1 Introduction

In this chapter we obtain four linear generating relations for generalized Her-
mite polynomials of Dickinson-Warsi and two hypergeometric transformations
for Gauss’s ordinary hypergeometric function, using Barr’s identity and Carlitz’s

generating relations using following identity.

i@(m) = i@@m)—l—i@(?m—i—l) (5.1.1)

In 1969, Barr [19, p.591 (1)] gave the following hypergeometric series identity

(aa) (aa)+1,

AFB 2| =2mFappa | ) 2T ATBrl 2
(bB); 1,0p) Lol
A
11 (@) (aa)+1  (aa)+2.
+ z m;l— 24Fop 11 ?bB);l (b32)+2’ 4A=B1) 2 (5.1.2)

H(bn) %’ 2 2

n=1

where, for convergence, A < B and |z| < 0o, or A= B+ 1 and |z| < 1, it being
assumed that b, # 0,—-1,-2,-3,—4,... V n € {1,2,3,...,B} and (aa)

represents the sequence of parameters given by aq, as,as, ..., a4.

It is well known that the Hermite polynomials H,(x) can be entirely reduced
to the associated Laguerre polynomials L,(f)(:c) with the parameters a = j:% by

means of the formulas [252, p.216 Q.1; 333, p.106 (5.6.1)]
Han(z) = (—1)"22" (n)! LS (22) (5.1.3)

Honr () = (1227 ()1 & L2 (22) (5.1.4)

This relationship of Hermite to Laguerre polynomials is generalized by Dickinson

and Warsi [82, p.258 (10), p.259 (12); see also 226, p.352 (4.1), (4.2)] in the form

H(z) = (=1)"22" (n)! L (a?) (5.1.5)

n
and

H,  (z) = (=1)"22+ (n)! & LD (22) (5.1.6)

n
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In 1960, Carlitz [31, pp.221-222 (8,10); see also 326, p.420 (20),(21); 118, p.5§]

gave the following two generating relations

>l = (-0 ey [ 1 [ )

— m! n! 1—t 1—1t
- (m+n)' (a—n) n a (a)
Z WLWF" (x)t" = (1 + t)*exp[—at] L, [x(1 + t)] (5.1.8)
n=0 ’ ’

It is to be noted that linear generating relations (5.2.1), (5.2.2), (5.2.3), (5.2.4) for
even and odd generalized Hermite polynomials of Dickinson-Warsi and two hy-
pergeometric transformations (5.2.5), (5.2.6) do not seem to have been recorded

earlier.

In this chapter, we obtain some generating relations for Subuhi Khan polynomial
H, s and Lagrange’s polynomial of two variable g,(f"ﬁ ) (x,y) by using Decompo-

sition technique by different method.

5.1.1 Hypergeometric Form of Subuhi Khan Polynomial

Subuhi Khan Polynomial [170, p.84 (4.2.8, 4.2.9); see also 220, p.60 (2.9)] is
generated by the following generating relation

xt

an,a,ﬁ(x)g = exp (E) exp(—Bt?) (5.1.9)

s M (5.1.10)
_ f: f: (%)n (_ﬁ)mtn—i—Qm -
ol oml

Using series identity (1..22.5) (replacing n — n — 2m)

s 18] fpyn—2m -
e(%t)e(,/jﬂ) :Z (Z) (_B) n (5.1.11)

(n—2m)! m!

@) " A tn (5.1.12)

n=0 n=0 m=0
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Comparing the coefficient of ¢" both side, we get

—n —ntl.

JI n b) ,—4&2
Hn,a,g(x):(a) 2 I —:CQB (5.1.14)

Y

Put a =

DO =

, B =1 we get Classical Hermite polynomial H,(z).

5.1.2 Hypergeometric Form of Lagrange’s Polynomial in

Two Variables

(a,,@)(

The familiar (classical two-variable) polynomials gn " (x,y) generated by

(1—at)™ (1 —yt)™F = igﬁf"ﬁ)(x,y)t" (5.1.15)

(It} <min{lz[~", ly|~})

are known as the Lagrange polynomials (1867) in two variables which occur in

certain problems in statistics [95, p. 267 (1)].

D gl D@yt = (1 —at) (1 —yt) " (5.1.16)
n=0
% B
Zg (x,y)t" = 1Fy xt| 1 Fy yt (5.1.17)
aﬁ) - (a)pz"t” - (B)my™t™
Zg nz% o mz::O - (5.1.18)
mthrm
(a.8)
> e e = 33 O Plat” L1
n=0 n=0 m=0

Using series identity (1.22.1) (replacing n — n — m), we have

Z:%gff“’ﬂ)( ZZ Yo 61’;‘7’)! (5.1.20)

Zg“ﬁ) Z a+n)‘mx (f)j();:;m (%)mt” (5.1.21)
;gff“’m( 3 z"(a), T Siﬁf?’fti)z)m (i—:)]t” (5.1.22)
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> = 2"(a), —n, B;
S e @y =3 <,) o F) Y1 gm (5.1.23)
— o v l—a—n;*
™ (o), —-n, B;
g(aﬁ)(xv?/) = (,) 211 Y (5.1.24)
n l—a—-n;?*
Again
Zgéaﬁ) )t = (1—at) (1 —yt)*? (5.1.25)
n=0
o0 ; a;
Zgga,ﬁ) T y>tn = F, p; yt | 1 Fy xt (5.1.26)
n=0 5 T
o 7nx"% ny"t"
Zg Dz ZZ >n‘ (5.1.27)
n=0 m=0 ’
Using series identlty (1.22.1) (replacing n — n — m), we have
ol (5.1.28)
Z ZZ =
e’ — /6+n—myymtn_nm
>l e =303 e
n=0 m=0

(a,)

n=

y"(B)n (@)m(=n)m(=1)"
« n! n;)( 1)

mml(l— 8 —n)ny

(

z—:>] " (5.1.30)

> " —-n, Q;
Zg“m =Y? @” ) (5.1.31)
"(B)n —n, oz
g (w,y) = 2 @ 2 Fy - (5.1.32)

5.2 Linear Generating Relations and Hypergeo-
metric Transformations Associated with Dickinson-

Warsi Polynomials

Any values of parameters and variables leading to the results given in this section

which do not make sense, are tacitly excluded.

Z

_(1—4ap?
2z

H(a 1)

H. 2(Z+32n exrp [4x 2t] 2m+1

[ (1—4) } (5.2.1)
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o0

—n tn a a
> HE (@) = 20— 40 VeaplatgHE [0/ T- 1) | (5:22)
n=0 ’
0o n —(a+m+1i
ZH(a) (.Z')t— _ (1 + 4t) (a+ +2)e . 41}2t (a—1) T
(5.2.3)
ZH _2x(1+4t) (otm2) ¢ [433%] AR R —
2n+2m+1 1 +4t 2m (1 +4t)
5.2.4)
a a+l
B | 22 4%y
1 . (1+vy)
2
a a+l. a a+l,
a 2720 ? 2 20 2
(1+y) 2F1 (x—i— ($2—1)) Yy 2F1 L (x— ($2—1)> Y
2 2
uy a_2’ 9 a+1’ a_—‘,—2’ )
by (l+y)atF | 22 (x—i— (:c2—1)) yloR| 7 (x— (x2—1)) y
9 9
(5.2.5)
g atl. g2, (1+y)* <x—|— (22 —1) ) a1
B P2 o |7
3 . (1+y)? 2z

1
2
R | 0+ (e-v@TD)
XoFy ; <w+ (x —1)> y| + 5 X
9
a—l a 2 a atl 2
X o} 202 <:Jc+ (x2—1)> yl oF | 2 32 (x— (x2—1)> y
2 2
(5.2.6)
%y 1
Provided that < -
(L+y)?| 4

5.3 Linear Generating Relations Involving Sub-

uhi Khan Polynomials

= " /'t - 22 —; 2
5_0 H2n,aﬂ(‘r>w = cosh (T) of1 el Bt oF1 —
3.1

t" 1. TVt — 5 B2
Z Hopt1 aB 2n T 1) % sinh (7) oF1
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0 0 in 6
Z Hyop(z COS ) = exp <xczs — BCOS(ZG)) Ccos (xs;n — Bsin(2«9))

(5.3.3)
Z H,op(z sm 0) exrp <$CZSQ — BCOS(QG)) sin <xs;n«9 — b’sin(ZH))
(5.3.4)

5.4 Linear Generating Relations Associated with

Lagrange’s Polynomials in Two Variables

1
Zgo‘ﬁ) x,y)cos nf =

<\/(1 + 22 — 2xcos«9)>a <\/(1 +y? — 2ycos¢9)>ﬂ

cos (oztan (a:cos@ — 1) + Btan (ycos@ — 1)) (5.4.1)

1
(r,y)sin nf = —
Zg ) <\/(1+x2—2x0089)>a (\/(1"‘92_%@80))5

, 1 xsind . ysin @
S S— N S— 4.
sin (atan <$C0S9_1)+Btan (ycos@—1>> (5.4.2)

(@)
; an

a atl B B+1. atl at2 B+l pt2.
—2F1 ?’ 2 ’$2t QFl i’ 2 ’y2t +Oé5(l,’yt2F1 37 2 ,.I‘2t 2F1 23’ 2 7y2t
2 ; 2 ) 2 ; 2 ;
(5.4.3)
[eS)
75
> gl @yt
n=0
a atl B+l p+2 atl oat2 B f+1
_ﬂyQFl 22 7!E2t 2F1 272 7y2t +Oé£L'2F1 R .lezt 2F1 2’12 ’ yQt
2 2 ) 2 ) 2
(5.4.4)
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5.5 Derivation of all Generating Relations and

Transformations

Consider the series
7"L

Z H2n+2m (5.5.1)
Using the result(5.1.5), we get
Sy = (-1 m22mz m+n)! L (x )(_4|t>n (5.5.2)
— n!
Now using the result (5.1.8) in (5.5.2), we get
Sy = (=1)™22™m!(1 — 4t)eap[dat| LD [x(1 — 4t)] (5.5.3)

Now applying (5.1.6) and replacing x by 22, we get the generating relation (5.2.1).

If we apply same technique for the series

t’n
Z H2n+2m+l ) n' (554)
we get the generating relation (5.2.2).
Now consider the another series
00 . n
S3=  Hylom (VE) — (5.5.5)

n=0

Using the results (5.1.5) and (5.1.7) in equation (5.5.5), we get

4ot
Sy = (—1)™2*"m!(1 4 4¢t) ' """exp [ ’ ] L [

1+4t) ™ 1+4t]

Now using the result (5.1.6) and replacing = by 2%, we get the generating relation

(5.2.3).

Similarly we obtain the generating relation (5.2.4) from the following series

(o @] . tn
Si =" Hi o (V)5

n!
n=0

(5.5.6)

Now consider the following identity

(1442) " {1_ 2y }—a: = (V=T )] i (V=T )

1+ y?
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2 —a —a —a

Writing [1 7 fyz} : [1 — (z+Va?— 1)y} and [1 —(z—=Vz2—=1)y| in
Y

hypergeometric notations, using Barr’s identity (5.1.2), replacing y by /¥,

equating real and imaginary parts and making suitable adjustment of param-

eters, we get the hypergeometric transformations (5.2.5) and (5.2.6). For similar

method, readers are advised to refer the paper [52].

Consider the generating relation given by Subuhi [170]

;anayg(x);—j = exp (%) exp(—Bt?) (5.5.7)

e n X og2\r
ZHn,a,B(x)% = exp (%t) > ( ff ) (5.5.8)
n=0 ’ '

r=o

Apply Decomposition technique

Y d(m) =Y ®@2m)+ Y 0@2m+1) (5.5.9)
m=0 m=0 m=0
o0 t2n+1 6t2 2r 0o (_6t2)2r+1
3 o) g3 sl = () [Z "L rrr
(5.5.10)
Put t = 4T, or t2 = —T?, we get
00 _T2 n o0 _T2 n
ZO HQn,a,ﬁ(x> ( <2n)>' + 1T Zﬂ H2n+1,a,ﬁ<x>ﬁ
B irT 00 (6T2)2r o0 (6T2)2r+1
= exrp (7) Z (27“)' £ m (5511)

Equating Real and imaginary parts

Sl (2

STy $ O

r=o 22TT!(%)T r=o 22r’l”!<%)r
(5.5.12)
T L (T (BT (BT
ZHWB o= 7 () | s, T s
(5.5.13)

Put T = iv/t or T? = —t, we get

o 4
(5.5.14)

N t" a\/t - pt? — 5 3?2
Z Hop o p(x) o)l = cosh (—) oFy N Bt oFy st
n=0 '

[\J[o)

1.
2
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t 1 (vt — B — B
ZHQn+1a5 @nt 1) %Smh(_) ol BT — Bt oF} 54

2 2 )
(5.5.15)
Another method for Decomposition technique is given by
ZHn,a,g(x)—' = exp <x_> exp(—[St?) (5.5.16)
n=0 n @
Y Huplw)— = exp (x— - ﬁtQ) (5.5.17)
n=0 n! a

Put ¢t = cosf + isinf = € in both side and apply Demoivre’s theorem, we get

Z Hy o ol cos (nf) + isin(nd) — exp <a:(cos 0 ;L isind) B{cos(20) + isin(29)}>

n!

(5.5.18)

ZHnaB cos ZHnaB sm 9)

= exp (xcgs& - Bcos(QQ)) exp i (:cs;n@ - Bsin(%)) (5.5.19)

Equating real and imaginary parts

Z H, o5z COS mg) = exp (xc;s@ — ﬁcos(QH)) Cos (xs;n@ — Bsin(29)>

(5.5.20)
Z H, o5z s1n 9) exp (xc;sﬁ — 6008(29)) sin (xs;n@ — ﬂsin(29))
(5.5.21)

Consider the generating relations for Lagrange’s polynomial of two variable
S e @yt = (1= wt) (1 — yt) (5.5.22)
n=0

Apply Decomposition technique, put ¢ = cos + isinf

igfﬁ’ﬁ)(m,y)(cos O+isin®)” = {1—x(cosf+isinf)} {1 —y(cosf+isinf)}~*
(5.5.23)

Zgn (z,y)(cos nh+isin nf) = {(1—x cos §)—izsin 6} ~*{(1—y cos §)—iysin f}
(5.5.24)

Put 1 — xcosf = rcos¢, —xsinf = rsin ¢

Put 1 —ycosf = RcosV, —ysinf = Rsin ¥

on solving

r?2 =1+ 2® — 2z cosb
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tan & —xsind
anp = ——
1 —xcosf

similarly

R*=1+1vy*—2ycosf
—ysin®
1 —ycost

Put these values in above equation

Zg (z,9)(cos nf +isin nd) = r *R?{cos(ag + BY) — isin(ap + FT¥)}

(5.5.25)
Equating real and imaginary parts
1
o 6)
Zg (x,y) cos nb = ey cos(agp + V) (5.5.26)
1
Zg @8 (z,y) sin nf = gy sin(ag + V) (5.5.27)
1
Zgo‘ﬁ)xycos ng = - 3
1+ 2% — 2z cos 1+ y* — 2y cos
(vVa+a 7)) (VIT+ 37— 2ycosh))
cos [ atan™! _wsinf + ftant _ysinbd (5.5.28)
xcosf — 1 ycosf — 1 o
1
Zg (x,y)sin nf = p 3
+ x° — 2z cos + y* — 2y cos
1 2-2 0 1 2-2 0
, 1 xsind 1 ysinf
_— _— 0.2
sin (atan (wcos9—1>+ﬁtan (ycos@—l)) (5.5.29)
Another method for Decomposition technique
S 0 )t = (1= 2t) (1= ) (55.30)
n=0
o B;
Zg (x,y)t" = 1Fy xt| 1Fy yt (5.5.31)
Doyt = 3 (=D (B (5:5.32)
n=0 p=0 q=0

Now applying identity (5.5.9)

292“5) (z,y t2”+zggn+1 x, )t
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S o0 2p+1 &0 i (yt)2q+1
(Z 2p+1 2 +1 > (Z (5)2q+1m

p=0 p=0 q= q=0
(5.5.33)

Put t =T or t? = —T?, we have

> g5 @, y) (=T)" +1T292n+1xy><—T2>"

n=0

B ° x2p(_T2)p ' s x?p-i—l(_TQ)p
= (go(a)gp—@p)! +zTZ(a)2p+1—(2p+ 0 ) X

X (Z(ﬁ)gq% +iT Z(ﬁ)2q+1%) (5.5.34)

_ (i e (%),, (M) PETY | e S = (aTl)(%)

2% (3), P! s

8 B4l B+l 42,
< \ofy | 20 =T TRy | P T T (5.5.36)

I

DO =
|

n=0
a atl, B B+1
27 20 27 92
= oF — 2*T? 2 I - y2T2
1 1.
2 2
atl a+2 B+1 B+2
2 0 20 2 v 92
—afzy T2, F, —22T?%| L,y - y2T2
3 3 .
2 ) b) )
a atl B+l p+2
27 20 22 2 0 20 22
+ZTﬁy 2F1 . —x°T 2F1 5 -y T
2 2 ’
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atl at2. B8 B+1.
+ iTazy Fy 23’ 27 2T LR 2’12 Lyt (5.5.37)
2 ; 5
Equating real and imaginary parts, we have
Zgz T2)
a atl. 8 B+l
—LF | P2 22| LR 2>12 AT
2 2
atl a+2 B+l 2.
—afxyT? ,Fy | 2 ’32 R Al PV 2 ’32 T (5.5.38)
2 5
Zg2n+1 T y T2)
a atl B+l p+2.
:/ByzFl 2’12 ) —$2T2 2F1 2 ’32 ) _yQTQ
7 5 s
atl at2. B8 B+1.
+amyFy | 2 ’32 T A Y 2 2’12 Tyt (5.5.39)
9 3 9
Put T = iv/t or T? = —t, we have
> g @yt
n=0
a o+l B B+1. atl a+2. Bt p42.
= [ ?7 S Y ij PPt +aBaytoFy 23 S P2 23 2Pt
2 ; 2 v 2 ; 2 ;
(5.5.40)
292n+1 x y
a atl. B+l p+2. atl o+2. 8 p4l.
= By F} 227y o Fy 2 2 yt +ax o F) 2 27 2% o F 2 12 yQt
2 2 ; 2 ) 2
(5.5.41)
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Chapter 6

Multiple (Generating Relations
Involving Double and Triple

Hypergeometric Functions
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6.1 Introduction

The name generating function was introduced by Laplace in 1812. Since then

the theory of generating functions has been developed into various directions and

found wide applications in various branches of science and technology.

Most of the generating functions derived are the extensions and generalizations

of the results known in one form or another in the theory of special function.

There is a vast literature on generating functions.

A generating functions may be used to define a set of functions, to determine a

differential recurrence relation or a pure recurrence relation, to evaluate certain

integrals, et-cetera.

In this chapter we derive two Multiple generating relations involving Exton’s

double hypergeometric function, and Kampé de Fériet’s function.

Dixon theorem [252, p.92 Art(53)]

A, B, C; r(1+4
3l 1| = ( 2)

1+A—B,1+A-C; P+ Ar(1+4-Br1+4%

where ®(4 — B—C) > —1.

For convenience, we shall use the notation A(N;\) for array of N parameters

: A A1 A2 A+N-—1
glvenby N' N NN

Thus the symbol A[N; (a,)] denotes the array of parameters given by
A(N;a1), A(N;as), A(Nsas),...,A(N;a,) with similar interpretations for oth-

ers.

Thus the symbol A[N;1 — (a,) — n] denotes the array of parameters given by

A(N;1—a; —n),A(N;1—ay—n),A(N;1—azs—n),...,A(N;1—

similar interpretations for others.

The symbol A[N;1 — (a,) — n] denotes the array of pN parameters

a, —n), with

l—a;—n+j .
N )

1=1,2,3,...,p; 7=0,1,2,..., N — 1, with similar interpretations for others.
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6.2 Expansion of " in a Series of Generalized
Hypergeometric Polynomials

To prove

0 m+ +1

g _ ml kK ln Z ( 1)" b+2r)(b) ynFi [ -, b(—i— 7’), (aq); t} (6.2.1)
ki )

Proof: Suppose right hand side is denoted by 2

i b+ 2r)(b) 214l [

b () t] 622)
)mtri1 (kk) ;
m b)a, +1 (D), . (—=7)s(b+7)s [(an)], i
Z 2 (b)m+7~+1 ZO [(kK>]s s!
- Lo(b+1 s (=1 (=m), [(aa)], *
ol mZZ W

(r=s)! [(k)], s

Using Double summation identity (1.22.9)

ZZB(S,T) :ZZ_B(S,S+T)

(6.2.3)
r=0 s=0
We have

bk, ONREO
= [aall, O 2 2 Bag

+ D)ogris) (D)ras (—1)5 (=m)ris [(aa)],
+s )(b +m + 1)

() (k)]
I R AR
 (aa)],, (0) 2::

s!

(6.2.4)
+5)(0)ry2s (=1)r s (—1)5 [(an)], t°
met 5 (D)o )( r)! (b+m+ D [he), s (029
_ bl (bt Das(bas (Cm)i(—) [(amsﬁ”i* (b+ 1+ 255, (= + ), (b + 29),
[(aa)l,,, (B)m+1 <= (b)2s (b+m + 1)s[(kk)], sl = (b+28)9,.(r)! (b+m+1+3),
(6.2.6)
b
b[(kx)l,, Zm: (b4 1)s (—m)s(—1 t_mz( m+s), <2+1+3)T(b+25)r
(@), Omir = (b+m+1)[( kK sl &= (5 B S) et
" (6.27)
ki)l N m)s(—=1)* [(an)], t* b+2s,—m+s,24+1+s;
[( bm+1Z; b+m+1) (k)] s! 3F2|: 1 +b+s+m. by
(6.2.8)
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Using equation (6.1.1), we have

kK)]m Zm: (b4 1Das (=m)s(=1)*[(an)],#* TA+35+s)I(1+b+s+m)

Q= X
[(@a)l,, (Dmi1 = (b+m+1)[(kg)],  sITA+b+28)T(1+ L +s+m—s)
L&+ s)0(1+2 —s—2-1-
x BACRL) (b+2+8+m i ®) (6.2.9)
FM(1+35+s—1—-5—s)[(1+b+2s+m—s5—35—1—5)
When s = 0,1,2,3,4,...,m — 1, corresponding 3F, function will be zero and
when s = m then 3f5 =1
[(@4)],, (D)2 (0+m+ ) [(kx)],, — m
b (bt Lo (—1)" mi(—1)" e (6.2.10)
(b)m+1 (b+m+ 1), m!
=LHS

6.3 Multiple Generating Relations

s @ (k)] (< 1)7 (b + 20 (b), —r,b+7, (aa);
- =0 ; (@)l (r)!()1(b)j42r4+1 rat [ (kk) t] )

A(nsa+j+1):—;(bg); —: L,
_ i —;(dp);—: Aln; (aa) +j + 7], Al(n; 1+ 7),

Aln; (kg) +j+r] s(ep);(hu);  am ] (6.3.1)

Ak Y F
A(n;b+7+2r+1);(g9q); (b)) 5 ™ A=fy
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A(n; a)v<aA) . _;(dD);(gG); y 5
(bs)  :—i(ep); (hy); (L) (L—at)"

(1= at) "5 "

. (@)rtjni(—2)" (k)] 4 ; [(@a)]; [(96)]; 27 LAY
2T 25 ()] ()], 0+ 1)y (b + 2r + 1), (m)

A2n;a+r4ni+j) = A2 (aa) + i) — -

(kk) - = A2; (bg) + i —
1, ARn; (ki) + 5 +7] ; (dp);
AR2n; 1+ 7),A2n; () + 7+ 7], AQ2n; b+ 2r + 1+ j); (egr);
1, A[2; (9¢) +1] ; (2n)2n(K—L—1) z2n, A(A=B+n) v, J(A=B+n—1+G-H) 2
A(2;1414), A2; (hy) +1];

(6.3.2)

6.4 Derivation of Generating Relations
Derivation of Generating Relation I:

(1= at) 5

yr 2 (1 — gt)~(atnp+na)

= 2 T, [l [, 0! (@)

(6.4.1)
> (@ nping [(08)],4, [(eR)], [(hr)], v 27 & (a+np+nq)mxmtm
n e ((dp)], ., [(96)], [(€L)], (P)! (@) == m!

m=l

p,q=0

[e.9]

_ (@nptngrm [(08)],4q [(ep)], [(ha)l, 2™ P 27
> nted [(dp)l,, 4, [(96)], [(€0)], ()l ()} (@)

Using equation (6.2.1), we have

m,p,q=0
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(L—at) F"er

o - (a)np+nq+m[(bB)]p+q[(6E)]p[(hH)]q ™ oyP 2
-2 n 4 [(dp)l,., [(96)], ()]

a0 0, m)!®) 9!
m! (k)] = (=1)" (b +2r)(b), —r b4, (as);
- [(aA)]m ; T'(m - T)!(b)m-f—r-i-l 2+AFK [ (kK) : t] (644)

Using equation (1.22.2)

e — (a)np+nq+m+7"[(bB)]p+q[(eE)]p[(hH)]q X X
2 2 )] oL ()], W) @)

(4 D ke (120 { —rbr(aa):

Using series identity (1.22.11)

> W(m) = ' > W(mn + j) (6.4.6)

where Vn € {1,2,3,...} We have

(L—at) *F"en

A(n;a), (bg) : (eg); (hy); y ,
(dp)  :(ge)i(ty) s L= ot)m (L—at)"

n o0 [e.9]

(@) ngnmjar (05)yrq [(en)l, ((ha)ly y» 20
2 2 netnd [(dp)],, (96)], ()], ()1 (@)!

-1
J=0 m=0r,p,q=0

I g (1O 200), K[“b”’(‘“’; t]
4

[(GA)]nm+j+r ri(nm + )N 0)nm+j+2r+1 (k) :
(6.4.7)
& (@ (B (<1)7 (b + 20) (B), —r. b+, (aa);
- ;; [(aa)];pr r1(1);(b) 42041 el { (kx) t] "
N (@t T+ )agrgrm) [(08)], 4, [(er)], [(ha)], P 29
mZ v (A, 100, (], 0@
()" (ki) + 5 + 7] e 6.43)

(14 7)am(b+ 7 +2r 4+ D)py, [(@a) + 5 +7],,,
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Using equation (1.2.17), we have

A(n;a), (bp) : (ep); (hnm); y z
(dp)  :(ge);(6r) ; A" (L—at)

— S i (@)jr”*" [(Ric)] 4 (=1)7 (b + 2r) (b), F [ b (aa); t] X

g=0r=0 (@a)]j MG )2 TE (kx)

%0 11<a+j+;+i_1) Kmmmﬂ(um[l(@w%+j;r+i—1)
X Z_ ;'p' [(dD)]pﬂﬁ(#) | ff( a4 +]+T+2—1>

i=1 m i=1 m

[T (52 (o

n

i=1

(L —at) *F"en

A(n;a), (bg) : (eg); (hy); y ,
dp)  :(gc); () ; (L—at)" (1 —at)"

n—1 oo

ZZ ser® )]y (<4 2000 [r,b+r,<aA>; t]X

[(aa)l; (M) B)jzrr THE (kx)

7=0 r=

Alnja+j+r):—;(bg);—: 1, Aln; (ki) + 7+ 7] :
— 2= (dp);—: Ay (aa) +j+ 7], Aln; 1+ 7), Aln; b+ 7+ 2r + 1);

(em); (ha); " Z]

XF(3)

m, Yy, (6410)

Derivation of Generating Relation II:

—x a A+n:0;D;G
(1 t) Ay 0:E:H (bp)  —ep): (h); (1—2t)2 (1 — at)n

A(n;a), (aa) - = (do)i (96); . ]

- = j=1 2p+q yP 2 a + 2np + ng;

=2 [(05)]ap14 [(eR)], [(RH)], (p)! (9)! o — :
(6.4.11)

= (@2nping [(@a)]g,, [(dD)], [(96)], 4P 2 (a+20p + 1D

B nind [(bg)l,,. . [(es)], [(he)l, (»)!(9)! Z m! t

IT(“20) w0l o), ]

p,g=0
(6.4.12)
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m

_ Z Z 2p+q)+m (GA)]2p+q [(dD)]p [(QG)]q yp 2 L (6.4.13)

nn2p+q (08)]apsq ()], [(Ra)l, ()} (g)! (m)!

Using equation (6.2.1), we have

p,q=0 m=0

(1 —at) A5 "o

vt [y (W) ), 7 2t 2"
DI o

o n"@”‘” 08 aprg L)), [(h)], ()] (@) ()]

by Z rl(m o + 27“)(b) 2Lk [ bt () t] (6.4.14)

O)mtr1 (kx)

Using equation (1.22.2)

a apA+n:0;D;:G
(1—at)” t%ﬂBJr :0;E;H

A(nsa), (an) : = (dp): (96): . ]

(bs) :—:(en); (hyy); (L—at)? (1 —at)"
@) n(2p-+g)+mtr [(aA)]2p+q [(dD)]p [(9G>]q yP 29 gmtr)
—E:O;OZ n@ta) [(bg)ly,, [(e)], [(ha)l, (! () (m)! X
() ) (=1)7 (b + 2r) (), bt (Er);
) () miry 71 (O)msr2rta 2+LFK[ (k) t] (6.4.15)

=@, (k)] (1) ALRREICIIA
B R (e [ (k) t]
y Z (@ + )n@proy+m [(kr) + 7], [(@a)ly, i, [(dD)], [(96)],  y» 27 2™
nr@rta) [(0p) + 1], (b+2r + 1), [(bB)]Qpﬂ [(63)]p [(hH)]q (p)! (@)t (m)!
(6.4.16)

m,p,q=0

Using series identity (1.22.12), We have

a A+n:0;D;G
(1—at)” %B+ :0;E;H

A(n; a), (aa) : ,(dD); (gc;); y 2
(bs) ot (1 —at)® (1 —xt)”

=0 7=0

1 2n—-1 oo —r b €
_Zzzx b—l—r 24L K[ nbr (f) ]
r=0 )

o Z (@ + 7)2np+ang+2mntjni [(a )]2p+2q+ )]p [(9c 2q+ [(kK) + T]an—i—j
m,p,qg=0 nn(2p+2q+ gL) + T]an+] (b + 27. + )anJrJ [ B>]2p+2q+ [( )] [( H)]Zqu’i
y 2mn+]

! <2q n z) @mn + )] (6.417)
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& (), (k)] (—1) —r b+, (0r);
S22, r!<b+r>f+LFK[ (k) ;l} X

(at ) [@)] o)) (k) + 71,2 2

(1);(W)in" (1) +7]; (0 + 2r +1); [(08)]; [(ha)];
]

y Z (a+r + J + 1) an(mtpre) [(aa) + i]Z(p-{—q [(dp) » [(9c) + Z]Qq [(kr) + 7+ Gl
(L) -+ Ty (0 27 L+ 1) [(05) + iy )], (i) + ],

m,p,q=0

yp Z2q x2mn

O+ D2y (1 + 7)2mm

~ o= @i (D) (R, (@), [(96)); EAYN
22 [(C)],p; 0t U (08)); [(har)]; (b + 1) (b+2r +1); (m)

(6.4.18)

J

- b+ T, (EL); " i (a +r+7+ ni)2n(m+p+q) [(aA> + i]g(erq)
m,p,q=0

[(dp)], [(96) + ilyg (ki) + 7 + Jlon y? 2% 2™

[(bB) + iy (e, [(ha) +dlyy  (P)' (1 4 7)2q (14 7)2mn
Using equation (1.2.17)

(6.4.19)

(bs) :—(ep); (hy); (L—at)? (1 —at)"

A(nia), (aq) : = (dp): (96): . ]

2n—1

1 @eani(—2) [kl (@) [0 2y
2 2 T,y ()] (o, 5 ) (54 20 5 1) () >

ﬁ(a+j+r+m+£—1>
- m+p+q

—r,b+r, ({r); - 2n
XZ+LFK[ (k )(L) t] Z - bp) (-1
ml pl g! H( 5
=1 p+q
ﬁ((aA)+z'+£—1) O ﬁ((kK)+r+j+€—1>
2 " o2n
=1 p+q =1 m

X

X
p(lti+l-1 12—”[ () +r+j+s—1 12—”[ b4 2r +14j+s—1
N 2n moel 2n m il 2n .

=
2
9c) +Z—i—f—1
. TT(° )
= q

(=1

« X
14+44+0— (hg)+i+¢—1
[(GE)],,H (— 5 ) H < ) 9 )
/=1 q (=1 q
% (x2n)m(2n)2nm(K—L—1) 4(A—B+n)pyp 4(A+G+n—1—B—H)q(Z2)q (6.4.20)
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(1—at)” a%A—l—nODG A(n;a), (aa) : —; (dp); (96); Y z

(bs) —; (en); (hy); (L —at)" (1 —at)”
L2l 2 (@) gims(—2) (ki) (@) [(96)], 27 L
:ZZZ' D], 4 ()] [(ha)); (b + 1), (b+2r+1) ()

A@na+r+mni+ ) — A2 (an) +i]; -
—~ 0= A2; (bp) + 1] —

1, A2n; (k) + 7 + 7] :(dp);
ACn; 1+ 5), Al2n; (0r) + 5 + 7], A2n;b+2r + 1+ 7); (eg);

L, A[Q'(g )+i];
A(2;1414), A2 (hy) +1];

(2’[’L)2n(K_L_1) xQn, 4(A—B+n) v, 4(A—B+n—1+G—H) 22

(6.4.21)
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Chapter 7

Finite Double Sums
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7.1 Introduction

One of the most useful techniques to obtain finite sums of hypergeometric func-
tions and their generalizations consists in the elementary manipulations of series.
Some Mathematician had derived some useful as well as interesting generaliza-
tions from Vandermonde’s summation theorem. Besides, there are a large num-

ber of other finite sums of hypergeometric functions in the literature.

In this chapter we obtain four finite double sums of Kampé de Fériets double
hypergeometric function of higher order using Gausss summation theorem. Asso-
ciated and contiguous relations for Kummers confluent hypergeometric function,
Gausss ordinary hypergeometric function, Saalschiitzs summation theorem, dou-
ble sums involving Appell, Humbert, Karlsson, Bessel functions, are obtained as

special cases of double summations.

Any values of parameters and variables leading to the results given in sections 2

and 4 which do not make sense, are tacitly excluded.

7.2 Four Finite Double Summations

In this section we obtain the following four finite double summation formulae

with the help of series manipulations.

If the values of a and b are adjusted in such a way that (1 —b), (14 a —b) are

not integers; ¢ is neither zero nor a negative integer then

n m . ,a-+r1r: d (e :
ch(m7n7r757a;by C>F£+1;£;]§+1 (pP> ( D) ( E) vy
r=0 s=0 (QQ) : (gG)7 (h/H)7 cH+n+s;

~ (D)msn ppropm | (PP)iab+n:(dp); (ep),b+m+n :

Q+1:G;H+2 T,y
(Ermn (4q), b :(9c); (hy),b+n,c+m+n;
(7.2.1)
n m . . (d ca+1;(er);
S Clm,mors.a bR oE | PP (dp)atrilen)
r=0 s=0 (QQ>7C+TL+S : (gG) 7(hH)7
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o (b)m+n P+1:D+2;E (pP)7b+m+n : (dD),a,b—i-?’L; (eE)7
- (c) Q+2:G+1;H T,y
men (qQ),b+n,c—|—m+n: (gg),b ;(hH>;

3

NE

I c(dp),a+r; (e :
C(m,n,r,s,a,b, C)FQ'DGJFL;%_H (pp) : (dp) (em) 2y

(@) : (9a)  ;(hm),c+n+s;

\z
I
o
w0
I
o

(b)m-i-n FP:D+2;E+1 (pP) : (dD)> a, b + 13 (eE)a b +m+n ;

- Q:G+1;H+2 .y
(C)m+n (QQ) : (gG),b 7(h'H)7 b+ n,c+m+ n;
(7.2.3)
n m . ,a+rT - (d (er);
Clmnrsab oo | ) (o) s
r=0 s=0 (99);c+n+s:(9c); (hu);

D) min . ,b+m+n,a: (dp);(eg);
= R o kel (7.2.4)
mn (9Q);c+m+n,b: (g9a); (hu);

Clm,n,r,8,a,b,c) = (”) (m) (=D (a)-(c — b)s (7.2.5)

r)\s/) (@=b+1)r_pn(C)nts

and Pochhammer symbols and Gamma functions are well defined; denominator

where

parameters in hypergeometric notations are neither zero nor negative integers.

7.3 Derivation of Finite Double Summations

On expressing each Kampé de Fériet’s double hypergeometric function of left
hand sides of (7.2.1), (7.2.2), (7.2.3) and (7.2.4) in power series forms with the
help of (1.10.1) and (7.2.5), interchanging the order of summations with the help
of (1.2.12), (1.2.13) and (1.2.14) and successive applications of Gauss’s summa-
tion theorem (1.3.6), we get the right hand sides of (7.2.1), (7.2.2), (7.2.3) and
(7.2.4).

7.4 Applications

Making suitable adjustment of parameters in (7.2.1), (7.2.2), (7.2.3) and (7.2.4)
we can find a number of finite double sums involving double hypergeometric

functions of Appell and Humbert [91, pp.224-226].
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Putting P = FEF =1, Q = D = G = H = 0 in (7.2.2) and using a result of
Carlson [37, p.222 (4)], we have following double sums

m —1)" s (@) (¢ — by o, ,a+r+e:a+r D=
> () (M) G e | vy

n

=0 5=0 \'/ \F (@ =b+ 1)—n(C)nss ctn+s at+r+e;—;
(bmn .. p7b+m+n 3CL,b—|—n;e;
= Wtz vy 4
(Jmen b+n,c+m+n:b -

When y = x and e = 0, (7.4.1) reduces to a known result of Pathan [216, p.58

(2.1)] which was obtained with the help of operational calculus technique

S5 () () e b [

r=0 s=0 C—i—'ﬂ—i—S;

bm n

(€)mtn bc+m+n ;

a,b+m+n,p;

P (7.4.2)
where o F} and 3F; are Gauss’s ordinary hypergeometric function [252, p.45 (1)]
and Clausen’s hypergeometric function [252, p.73 (2)], respectively.

In (7.4.2) putting n = 0,m = 1,b = a and ¢ = d — 1, we get a known contiguous
relation [252, p.71 Ex.21(2,13)]

a,p ; a+1,p; a,p ;

(Cb—d+1>2F1 P x :CL2F1 b T —(d—1> 2F1 b T
d ; d ; d—1;
(7.4.3)
When m = 0, x = 1 and p = b in (7.4.2) and using Gauss’s summation theo-
rem (1.3.6), we get Saalschiitz’s summation theorem|[252, p.87 (Th. 29)] in the
following form
—n, a, l4+a—c—n ; (c=0)n(b)n

l4a—b—n,14+a+b—c—mn; (b—a)n(c—a—"b)n

because sum of its denominator parameters exceeds the sum of its numerator

parameters by unity.

Puttng P=Q =H =D =0,G=F =1 and settinge; =b+n—1, g = a,
c=14b1in (7.2.3), and using a result of Karlsson [144, p.197 (8)] for o F, we
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get a result involving the product of two Kummer’s confluent hypergeometric

functions 1 Fy [252, p.123 (1)]

"\ (m (=1)""*5(a),s! a+r; b+n—1 ;
F F’
SY () | e ,

r=0 s=0 a 1+b0+n+s;

b b+n; b+n—1; b(1 —b—n)
= 1F1 x| 1h Y|+ X
m+1 b b+n - (m+1)(b+m+n)
b+ n; b+m+n
X 1F1 T 1F1 Y (745)
b 14+b+m+mn;

2
WhenP:Q:E:H:D:G:OiH(7.2.3)andy:—%weget

22 () ()i = () et

r=0 s=0
z\etn—l b)min a,b+n; b+m+n c 2
= (1-2)* (‘) ()—+2F1 x| £ - —
2 [le+m+n) b b+n,c+m+n; 4
(7.4.6)
where J,,,(2) is Bessel function of first kind of order m [252, p.108 (1)].
When m = 0, (7.4.2) reduces to
n —1)"*"(a), a+rp; a,b+n,p;
Z(n>wzﬂ p | =), 3F p I~
— T (a—b+1)r—n c+n ; b,C+n :
(7.4.7)

In (7.4.5), replacing x and y by xt and yt respectively, multiplying both the sides

by e~*¢~! and integrating term by term with respect to ¢ from 0 to oo, we have

n m n m (_1)n+r+s(a)r8!
Fslc; b —1:a.1+bd .
Z = (T)(S)(a—b+1)r_n(1+b)n+s slc;a+r,btn—1;a,1+b+n+s; 1,y

r=0 s

b(1—b—n)
= Fle: b b :b,1+0b :
Gt D0 Fm ) sle;b+n,b+m+nb1+b+m+nx,yl
+m+1F2[c;b+n,b+n—1;b,b—|—n;$,y] (7.4.8)

where F; is Appell’s double hypergeometric function of second kind [91, p.224

(7)]-

113



In (7.4.8), replacing x and y by xt and y(1 — t) respectively, multiplying both
the sides by t*71(1 —#)*"*~1 and integrating term by term with respect to t from

0 to 1, we have

&\ (m —1)"t"*5(a),.s! k,a+r; c—k,b+n—1,
>y e It o[ oA y
rJ\s)(a—=b+1)_pn(1+b)nis

r=0 s=0 a ; 1+b+n+s ;

b k,b+n; c—kb+n—1 b(1—b—n)
= 2 F1 r| oFy y| + X
m+1 b : b+ n : (m+1)(b+m+n)
k,b+n; c—k,b+m—+n;
XQFl X 2F1 Yy (749)
b : 1+b+m+n ;

When P=E=1,G=D=Q =H =0and p; = py+ ps in (7.2.2) and using a
reduction formula of Karlsson [146, p.40 (4.5)], we get

n.om B A ~(c— b s
35 (1) () L e s

—0 s—0 (@—=b+1)r—n(C)n+s

(B)min 201 | P2+ P3,0+m+n:ab+n;e;
= Ot pazy "y (7.4.10)
(©ntm b+n,c+tm+n b 5 —;
In all equations the values of a and b are adjusted in such a way that (1 — b),
+a —b) are not integers; ¢ is neither zero nor a negative integer; Pochhammer
1 b t int is neith tive int Pochh

symbols and Gamma functions are well defined and denominator parameters in

hypergeometric notations are neither zero nor negative integers.
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Chapter 8

Laplace Transforms of Some
Functions Using Mellin-Barnes
Type Contour Integration
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8.1 Introduction

In this chapter, we find some results on Laplace transforms of elementary, com-
posite functions, Special functions and Multiple hypergeometric functions like
arcsint, arctant, cos(barcsint), square of inverse hyperbolic and trigonomet-
ric functions, logarithmic functions and other algebraic functions, products of
Ordinary Bessel’s function of I kind and Modified Bessel’s function of I kind,
five Complete Elliptic integrals, Hyper-Bessel function of Humbert, Modified
Hyper-Bessel function of Delerue, Error function, Incomplete Beta function, In-
complete Gamma function, Fresnel Integrals, Sine Integral, Hyperbolic Sine In-
tegral, Polylogarithm function, Struve function, Modified Struve function, Lom-
mel function, Kelvin’s functions and Lerch’s Transcendent, product theorems of
Bailey, Cayley, Clausen, Orr, Preece, Watson for Gauss functions 5 F7, Appell’s
four functions, Ramanujan’s product theorems, Henrici’s triple product theorem,
Whipple’s quadratic transformation, Gauss, Goursat quadratic and cubic trans-
formations, Product theorems of Kummer’s functions | F;, Product theorems of
Bessel’s functions F7, Bailey’s cubic transformations et-cetera in terms of Mei-
jer’s G-functions, using Mellin-Barnes type contour integral technique with the
help of their corresponding hypergeometric form. The results presented here are

presumably new.

Integral transforms play an important role in various fields of applied mathe-
matics and physics. The method of solution of problems arising in physics lie at
the heart of the use of integral transform. Let f(¢) be a real or complex valued
function of real variable t, defined on interval a < ¢t < b, which belongs to a
certain specified class of functions and let F'(p,t) be a definite function of p and
t, where p is a complex quantity, whose domain is prescribed, then the integral
equation ,

o)1l = [ P (811)
represents an integral transform ¢[f(¢) : p] of the function f(t) with respect to
the function F'(p,t). Where the class of functions to which f(¢) belongs and the
domain of p are so prescribed that the integral on the right exists. F(p,t) is
called the kernel of the transform ¢[f(¢) : p].
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If there exists a number “M” independent of ¢ so that |%| < M ast — tpin the
region R of the complex z-plane, where ¢(t) # 0, then we say that f(¢) = Olg(t)]
as t — ty in R.

If lim /() = 0, then we say that f(t) = o[g(t)] as t — ¢y in R.

t—to g(t)

Let the function f(¢) be piecewise continuous on the closed interval 0 <t < T'

for every finite T' > 0. Also let
ft) =0[e™], t— o (8.1.2)

for some a. Operational images (or operational representations) of many classes

of special functions in the classical Laplace transform

S{f(0):p) = [ eTIOE=Fo). R >a, (8.13)
0
can be obtained by appealing to Euler’s integral
o (A
/ f%kwh:&) (8.1.4)
0 p

where min{R(\),R(p)} > 0 or (R(p) =0,0 < R(N) < 1).

The integral (8.1.3) appeared for the first time in Euler’s investigation in the
year 1737. The regular use of the transformation of the form (8.1.3) began after
the publication of P. S. Laplace’s book in the year 1812. At the present time
the Laplace transformation (8.1.3) is the most usable integral transformation.
A complete account or elements of the theory of Laplace transformation can be
found in numerous books on Laplace transformation, on operational calculus or
on integral transformations. Among them we mention the monographs [60, 84,

93, 210, 211, 235, 236, 237, 243, 245, 254, 295, 335, 336, 338].

For hypergeometric forms of elementary, composite functions, Special functions
of Mathematical Physics, Multiple hypergeometric functions and product theo-
rems of hypergeometric functions, we refer the section 1.19, 1.20 and 1.21 of PhD

thesis.
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8.2 Theorem on Laplace Transforms

Statement:
Let A< B+1, R(p) > 0, R(c) > 0 and k be a positive integer. The Laplace

transform of the product of power function with 4Fp[.] is given by

Au)s
et Fy () ytk ip
(b3)§
B
o 11T b 1,b b
_ @M= e Ak [ P by by ©.2.1)
o c A 1+B,A+k k B 2.
D yk* | 4 a < c+k—1
Hr(al) 19 » Qs o Tk
i=1

—cC —c—k+1
xGl’A+k —ykk 1—@1,...,1—CLA,1+(f),...,l—f—(TJ'_)
AR P 0,1—bi,...,1—b
9 - 1,...7 - B

(8.2.2)
provided that the right hand sides of (8.2.1) and (8.2.2) are convergent [See 91,
p.207 (2,3,4); 184, p.144 (2,3,4); 235, p.617 (1,2,3,4)], (a4) abbreviates the array
of A parameters given by a,as, ..., as with similar interpretation for (bg) and
a1, Qg ..., an,b1,ba,...,bp € C\Z;.
Proof: Consider the left hand side of equation (8.2.1):

a,); o0 a,);
et Fy (@) ytt| pp = / e Pt Fp (@) ytt | dt
: 0

(bp); (b5);
. H L'(b;) (—yt*)*I'(—s) H ['(a; + s)
_ / et | L= i=1 ds | dt
0 2rw A B
HF(aZ) L HF(bj +5)

where L is a suitable Mellin-Barnes type contour.

118



Changing the order of integration, we get

et Fy

1 - L. .
_ 2_][41— — i=1 (/ e—pttc+ks—1dt> ds
W 0
HF(a,) L HI’(b] + S)
i=1 j=1
s A
- [1r®) (p—fj) D(=s)T(c+ks) [[T(ai + s)
Jj=1 i=1
- ];Zmu A B ds
HF(CLZ) L HF(b] +S>
i=1 j=1
Now using Gauss’s multiplication formula (1.2.16) for I'(c + ks), we get
B
['(by)
1 (aA); L (277)% 31;[1 ’ _1
Lt 4 yt Dy = k(c 2)><
(b ) pc A
o [T
i=1
A k
—1
['(—s) H [(a; + s) H r (s + %)
, k kNS
1 i=1 q=1 yk
X o = o ds
L H I'(b; +s)
j=1
B
(b))
1 () (2m) 2" ]Hl " (e3)
L |t 4Fp yt* | sp| = I X
(b,) e 2mw
o [1r(a)
i=1
A k 1o
ro-s) [[ra-a—a)+s)[r(1-(1+ )+
1 - k _ kk s
7 q—l y d
: & ( p* ) ’
. [[ra—@—=b)+s
j=1
(8.2.3)

Using definition (1.4.1) and transformation formula (1.4.6) of G-function, we get

main results (8.2.2) and (8.2.1) respectively.
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8.3 Laplace Transforms of Elementary and Com-

posite Functions

The Laplace transforms of following elementary and composite functions are
not found in the existing literature on transform analysis [60, 84, 93, 210, 211,
236, 243, 245, 254, 295, 335, 336]. Making suitable adjustment of parameters
and variables in equation (8.2.1) and using the cancellation property (1.4.4),
after simplification we can find the following results, valid under the conditions
associated with the result (8.2.1).

Case(l): Putc=m+1, A=0, B=1, b = %’ y = —i, k = 2m in equation

(8.2.1) and using corresponding hypergeometric notation of sin(¢™), we get

2m+1

: m 2 2m—1,1 4p*™ 1
m _ N I 3.1
Q{Sln(t ) p} m— 1pm+1 Gl,?mfl (2m)2m mil mi2 3m—1 (8 3 )
2m > 2m 20 2m
where m is a positive integer.
1 1
Case(2): Pute=1, A=0, B=1, b = Y= k = 2m in equation (8.2.1)

and using corresponding hypergeometric notation of cos(t™), we get

Vi omein [ 47 1

(2m)ym=1p L2l (Qm)2m | 1 2 m-1 mtl 2m
2m’2m’ """ 2m ° 2m "7 2m

(8.3.2)

L{cos(t™) : p} =

where m is a positive integer.

Case(3): Putec=1, A=0, B=0, y=1, k=m in equation (8.2.1) and using

corresponding hypergeometric notation of exp(t™), we get

my gy — VT ama [ P !
L{exp(t™) : p} = (27T)mTilpGl,m ()™ (8.3.3)

12
E, E, ceey
where m is a positive integer.

1 3
3 az = 1, b1=§,y=—1, k=2in

equation (8.2.1) and using corresponding hypergeometric notation of tan=!(t),

Case(4): Putc=2, A=2 B=1, ay =

we get

S{tan"'(t) : p} = :1)’ p_2 ! (8.3.4)
\/_ 41111
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1 3

Case(b): Putc =2, A=2, B=1, a1 = a, =1, by==, y=1,k=21in

2’ 2
equation (8.2.1) and using corresponding hypergeometric notation of ¢n (1),
we get
el (1 2 gt (8.3.5)
n — ’ e .
1 —t P pzﬁ 13 4|1 1.1
29
1 1 3
Case(6): Put c =2, A=2 B =1, a =g, 02 = 3, bl:i’ y=1, k=2
in equation (8.2.1) and using corresponding hypergeometric notation of sin™*(t),
we get
1 p? 1
S N e N B U
L{sin""(t) : p} = 7rp2G1’3 o N (8.3.6)
227
1 1 3 .
Case(7): Put ¢ =2, A=2, B=1, @ =g, 02 =g, b1:§, y=—1, k=21in
equation (8.2.1) and using corresponding hypergeometric notation of sinh™ (),
we get
2 1
31| P
£ {sinh'(t) : p} = G13 T, (8.3.7)
2020

3
Case(8): Putc=3, A=3, B=2,a1=1, as =1, ag =1, 51257 by =2, y=
1, k = 2 in equation (8.2.1) and using corresponding hypergeometric notation of

[sin™'(2)] > we get

e { [sin~'(£)]” :p} e (8.3.8)

3
Case(9): Putc=3, A=3, B=2, a1=1, aa =1, ag =1, 191:5,
—1, k = 2 in equation (8.2.1) and using corresponding hypergeometric notation

b2:27y:

of [Sinh_l(t)]2, we get

2 2 1
£ { [sinh_l(t)}2 :p} = EG?% % 1 (8.3.9)

3
Case(10): Put c =2, A=2 B =1, a; =1, ay =1, blzi,yzl,k:2

sin—1(t)

-’

in equation (8.2.1) and using corresponding hypergeometric notation o
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we get

e ® U Lol 2 (8.3.10)
(1—1?) p* 40111
3
Case(11): Put ¢ =2, A=2 B=1, ay =1, ay =1, b1:§, y=—1, k=2
in equation (8.2.1) and using corresponding hypergeometric notation of %,
we get
inh ™' (¢ 1 21
gl O L e (8.3.11)
(1+12) o411

Case(12): Put c =2, A=2 B=1,a1=1,a,=1,b1=2, y=—-1, k=1in
equation (8.2.1) and using corresponding hypergeometric notation of ¢n(1 + t),

we get

1
c{tn(1+1):p} = p—Gi; P (8.3.12)

3
Case(13): Put ¢ =2, A=3, B=2, a1 =1, ay = 1, as = o, by = 2, by =
2, y =1, k =1 in equation (8.2.1) and using corresponding hypergeometric

i 2
notation of /n (H@)’ we get

3.1 1,2

2 1
eldin| ——— ) ipl= a3 - 8.3.13
{ (1+ (1—t)> p} DTVl 11,3 (8319

1
Case(14): Putc =1, A=2, B=1, ay = a, a2:a+§, by =2a+1, y =

1, k =1 in equation (8.2.1) and using corresponding hypergeometric notation of

2a
2
<l+m) , we get

9% 1,2a+ 1
e A (8.3.14)

9 2a
S — p =
<1+\/(1—t)> pVT a,a+ 11

£

1
Case(15): Put ¢ =1, A=2, B=1, a4 = a, a2:a+§, by = 2a, y =

1, k =1 in equation (8.2.1) and using corresponding hypergeometric notation of
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2a—1
1 2
\/(l—t) <1+\/(1—t)) , We get

1 5 2a—1 9(2a—1) - 1,2a
£ P = Gys | —p
V-0 \1+/=1) pVT aa+11
(8.3.15)

Case(16): Putc=1, A=2 B=1,a1=2a, as=a+1, by=a,y=1, k=1
in equation (8.2.1) and using corresponding hypergeometric notation of (1—115%’

we get
1+t 1 31 La
8{— :p} =——Gy3 | —p 8.3.16
(1 —t)2e+! pal(2a) > 2a,a+1,1 (8310
where 2a € C\Z, .
Case(17): Putc=1, A=2, B=1a,=a, aa=b+1, by =0, y=1, k=1

in equation (8.2.1) and using corresponding hypergeometric notation of

[1—(1=9%)¢] (1 =)V, we get

a 1 1,b
ef[i- (-9 a-nen ) =L au |,
b pbT(a) > a,b+1,1
(8.3.17)
where a € C\Z, and b # 0.
1 1
Case(18): Put c =1, A=2, B=1, aj = —a, as = 5”@ by = 3 Y=

1, k = 2 in equation (8.2.1) and using corresponding hypergeometric notation of

[(1+4t)% + (1 —t)*], we get

2 p? 1
{1+t + 1 —-1)%] :p) = Gy [ —=
{[ :| } p F(_a)l—\ (% o a) 1,3 4 —a, % _a, 1
(8.3.18)
where —a, 1 —a € C\Z;.
1 3
Case(19): Put ¢ =2, A =2, B =1, a =z - az =1 —a, 51257 Yy =

1, k = 2 in equation (8.2.1) and using corresponding hypergeometric notation of

[(1+¢)%* — (1 —1t)*], we get

4a P’ 1
1 2a 1— 2a . — E N
S N T LT M W P
(8.3.19)
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where 1 —a,1 —a € C\Z;.

1
Case(20): Putc=1, A=2 B=1, ay =b, ay = —b, 191:5, y=—1, k=2

in equation (8.2.1) and using corresponding hypergeometric notation of

{(Mth)% + ( (1+12) — t)Zb], we get

S{Kvﬁ??5+0%+(Vﬁ7?5—0%yP}::ﬁ%gﬁlﬁé % bjbl
(8.3.20)

where b £ 0, £1, £2, +3, .. .

1
Case(21): Putc=1, A=2 B=1,a,="0, ag =1—0, 6125, y=—1, k=2

in equation (8.2.1) and using hypergeometric notation of

\/(11-1-—152) l<\/(1 +12) +t)2b_1 + <\/(1 %) — t)Qb_l}, we get
o o (7.

281n<b7T) 3,1 p2 1
T
p b1—b 1

where b # 0, £1,+2,£3, .. ..

(8.3.21)

3
Case(22): Putc=2, A=2 B=1,a,="0, a5 =1—-0, b1:§, y=—1, k=2

in equation (8.2.1) and using hypergeometric notation of

[(m )™ (e )] e
(v - (varE )" )

2(2b — 1) sin(bm) 3, [ p? 1
- GY3 4
b1—b 1

8.3.22
o (33.22)

where b #£ 0, £1, £2, +3, .. .
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3
Case(23): Putc=2, A=2 B=1,a,="0, a3 =2—0, bl:i’ y=—1, k=2
in equation (8.2.1) and using hypergeometric notation of

VQ%IFS l(x/(l—%t2)-kt)2b_2-— (\/(1—Ft2)_—t)2b_2},“K}get

1+ t2)

o s (v ) - (e - )

—4sin(b 2 1
~4sinb ) a7 (8.3.23)
TP 401 p2-b1

where b # 0, £1,+2,£3, .. ..

l1—a 1+a b 3

Qa = = — =
9 ; 2 2 » Ul 2a Yy
1, k = 2 in equation (8.2.1) and using corresponding hypergeometric notation of

Case(24): Put ¢ =2, A=2 B=1, a1 =

sin [a(sin™'(t))], we get

_ o acos (%) p? 1
e ] i pt = —222G55 | —= 8.3.24
{sm [a(sm ())] p} o= 1.3 1 a3 | ( )
where a # +1,43,4+5,. ...
1
Case(25): Put ¢ =1, A =2, B = 1, alz—%, a2=%7 51257 Yy =

1, k = 2 in equation (8.2.1) and using corresponding hypergeometric notation of

cos [a(sin™'(t))], we get

£{cos [a(sin™'(¢))] : p} = %@G?é _a (8.3.25)

where a # 0, 4+2,+4,.. ..
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8.4 Laplace Transforms of Special Functions of
Mathematical Physics

For convenience, we shall use the notation A(N;\) for array of N parameters

A A+l A2 AN-1
N

TN A . The following formulas hold for those suitable

given by
values of parameters for which gamma factors of the numerator and denominator

are finite.

The Laplace transforms of following Special functions are not found in the avail-
able literature on Laplace transforms [60, 84, 93, 210, 211, 236, 237, 243, 245,
254, 295, 335, 338]. Making suitable adjustment of parameters and variables
in equation (8.2.1), using the cancellation property (1.4.4), applying reduction
formula (1.4.8), Legendre’s duplication formula and triplication formula for the
product of Gamma functions, after simplification we can find the following re-
sults, valid under the conditions associated with the result (8.2.1).

pw+v+1 " ptv+2
92 , U2 — 9 )
p+1, bo=v+1, bsg=p+v+1, y=—1, k=2, in equation (8.2.1), we have

Case(1): Putc=pu+v+1, A=2 B=3, a1 = b, =

ontv (PP Lpt+tlLv+Lpt+rv+1

L), (t) :p} = ——G;4 | —
2{ “< ) ( ) p} 7'rp'“'"l""1 44 4 | ptr+l ptv+2 ptv+l ptv+2
2 ’ 2 ’ 2 ’ 2
[ +v+1 ptv4+2 ptrv+l pdr42,
_ N(p+v+1) Iy e B B B _ 4
20ty prtv AT (u+ D)(v 4 1) w+1l, v+1, p+v+1; p?
(8 4.1)

where the product J,(t)J,(t) is given in the monograph [184, p.216 (39)] and
pt+v+1lu+1l,v+1 € C\Z;.

3
Case(2): Putc=2v+2 A=1, B=2, a; = 1/—1—5, by =v+2, by =2v+2, y =
—1, k=2, in equation (8.2.1), we have

owtl 2| Lv+2,2042
L{L ()1 (t) s p} = —5,5 Gy T , ;
P v+, v+ Lv+s

B F(V—i—%) 7 V+1,1/+%,V—i—%; 4 8.4.9
=7 2V+2F(1/—|—2)32 - = (8.4.2)
p v+2, 2042 ; P

Y
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where the product J,(t).J,+1(t) is given in the monograph [184, p.216 (40)] and
v+3v+2 eC\Zy.

Case(3): Putc=2v+1, A=1, B=2, a; = V—i- ,bi=v+1, by =2v+1, y =
—1, k =2, in equation (8.2.1), we have

2v 2
,Q{J2 p} B p° 1,2v 41
g T 2”+1 4 1 1
b vtg, vt
L(v+1 v+ vts 4
- 2£+1 2) 2F1 2 2 - —2 (843)
ﬁp F(V+1) w41 D

where the product J2(¢) is given in the monograph [184, p.216 (41)] and v +
s, v+1 eC\Zy;.

Similarly we can obtain

1 p?| LL—v+1v+1
CL{L )T (1) p} = —Gay | =
{ () () p} T p 33 7 1 1 ]
2 29
. 11
sin (v 2 3. Lo 4
- MgFQ 2 2 - —2 (844)
Tpv -v+1lv+1; P
where v # 0, £1,+2, .. ..
1 2
Case(4): Putc=2v+1, A=0, B=3, b = V;— , by = V;L , b3 =v+1, y=
1
~ 61 k = 4, in equation (8.2.1), we have

1

ov—3 4l 1v+1
LI} = 63 | &

2v+1 2v+3
4 7 4

oty e i)
\/7_Tp21/+1 F(V—l—l) V—|—1 ) p4

I

where the product J,(t)[,(t) is given in the monograph [184, p.216 (43)] and
v+iv+1 eC\Z.

Case(5): Pute=m+n+1, A=0, B=2 bp=m+1, by=n+1, y=

1
~57 k = 3, in equation (8.2.1), we have

V3 s1 [ 5 I,m+1n+1

pm+n+1 2 3,3 p m4n+1 m4n+2 m4n+3
3 ’ 3 ’ 3

£ {Jm,n(t) : p} =
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T(m+n+1 AB;m+n+1); 1
= omtntl 3(m-(i-n) T )1 r 1 3F ) (846)
p (m+1)I'(n+1) m+1, n+1; P

where J,, (t) is Hyper-Bessel function of Humbert [95, p.250 (19.7.7); 135; 219,
p.102 and m+n+1,m+1,n+1 € C\Z,.

1
Case(6): Putc =m+n+1, A=0, B=2, by =m+1, by =n+1, y = 77 k=3,

in equation (8.2.1), we have

V3 31 I,m+1,n+1
S{Lnn(t) 19} = —— G5 | —p°
Uma(t) : p} pmtntl op 83 Pl i1 ment? menss
3 7 3 ' 3
I(m+n+1) AB;m+n+1); 1

pm+n+1 3(m+n) F(m+ 1)F(7’L—|— 1) m - 17 nt1 : p3

where I,,, ,(t) is Modified Hyper-Bessel function of Delerue [76] and m + n +
IL,m+1,n+1 € C\Z.

1 3
Case(7): Putc=2, A=1, B=1, a; = 3 by = 3 Y= —1, k = 2, in equation
(8.2.1), we have

2 p?| 1
£ {erf(t) : p}:ﬂ—pQGié Tl (8.4.8)
2

where erf(t) is Error function [252, p.36 (6), p.127 (Q.1)].

Case(8): Putc=a+1, A=2 B=1,a=a,a=1—-0,b=14+a, y=
1, k=1, in equation (8.2.1), we have

1 1
L{B; (o, ) : p} = mGié —p w1 s (8.4.9)

where By (o, 8) is Incomplete Beta function[326, p.35 (31)] and 1 — 5 € C\Z, .

Case(9): Putc=a+1, A=1, B=1,a1=a, by=1+a, y=-1, k=1, in

equation (8.2.1), we have

| 1
£{v(a,t) : p} = P G1,1 p
p a
[(a) a; 1 [(a) 7a
= F 1F0 B — ]—9 = p (1 +p) (8410)



where 7(a,t) is Incomplete Gamma function[184, p.220 (6.2.11.1); 252, p.127
Q.2] and a € C\Z,.

1 1
Case(10): Put e =1, A=2, B=1, @ =3, a=3, by =2, y=1, k=2, in

equation (8.2.1), we have

—_
[\

C{B) i p) = a2

4\/_ 2| = (8.4.11)

1

MI»—A
l\')l»—A

l\DI»—A

where B(t) is complete Elliptic integral [92, p.321 13.8(25)].

3 3
Case(11): Pute=1, A=2, B=1, @ =3, a@=3, bp=3, y=1, k=2,in

equation (8.2.1), we have

41 p2 1,3

£{C0) 9} = o=Ght | -5 e

(8.4.12)
where C(t) is complete Elliptic integral [92, p.321 13.8(25)].

1 3
Case(12): Putec=1, A=2, B=1, @ =3, a=3, by =2, y=1, k=2, in

equation (8.2.1), we have

S{D()  p) = — i b2 (8.4.13)
'p_2pﬁ2’4 4l§11 E
21212
where D(t) is complete Elliptic integral [92, p.321 13.8(25)].
1 1
Case(13): Putc=1, A=2, B=1, @ =3, a2 =3, by =1, y=1, k=2,
in equation (8.2.1), we have
) . 1 3,1 p2 1
L{E() : p} = ——4pﬁG1,3 Tl .. (8.4.14)
207272
where E(t) is complete Elliptic integral of second kind [92, pp.317-318 13.8(2)(6)].
1 1
Case(14): Putc=1, A=2, B=1, @ =3, a2=3, by =1, y=1, k=2, in
equation (8.2.1), we have
S{K(t o] 8.4.15
R vl ELd (5:415)
21272

where K(t) is complete Elliptic integral of first kind [92, pp.317-318 13.8(1)(5)].
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1 1
Case(15): Put c=a, A=2, B=1, a =g, a2 =g, by =1, y=0b k=1,in

equation (8.2.1), we have

1 1,1
Sl K(Vot) s pt = —G3L | L (8.4.16)
2pr © bl 11,
2799
3 3 7 w2
Case(16): Putc:4, A:L B:2, alzz, b1:§, 1)2:1, y:—ﬁ, ]{7:4,
in equation (8.2.1), we have
. 2v/2 3,1 ' 1
£{S(t) : p} = p —G73 677 5 5 (8.4.17)
101
where S(t) is Fresnel integral [1, p.300 (7.3.2)].
3 3 7 1
Case(17): Put ¢ =4, A=1, B=2, a1 = 7 by 1= 5 bQZZ, y=- k=4,
in equation (8.2.1), we have
£{Si(t piod 8.4.18
R Lt £ 1 D (5:415)
51
where S;(¢) is Fresnel integral [1, p.300 (7.3.4)].
5 3 3 7 1
Case(18): Putc:i, A=1, B=2, a =, by 1= 5 Z)Q:Z, y=-7 k=2,
in equation (8.2.1), we have
S{Sa(t) 1 p} = ——— G2} [ 17 L
e o Vmps 7 35
101
1 T TR
=———LF | VY - = 8.4.19
where Sy (t) is Fresnel integral [1, p.300 (7.3.4)].
1 1 D 2
Case(19): Put ¢ =2, A=1, B=2, a; = 7 blzﬁ, bQZZ, T k=4,
in equation (8.2.1), we have
1 P 1
e{C*(t) : pl = ———G¥ | — 8.4.20
{ ()P} 7r\/§p2 1,3 16ﬂ_gl§1 ( )
40 4

where C*(t) is Fresnel integral [1, p.300 (7.3.1)].
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1 1 ) 1
Case(20): Put c=2, A=1, B=2, a1 = 7, b1:§, bgzz, y=-7 k=4,
in equation (8.2.1), we have
1 4 1
£{Ci(t) : p} = G5 % L, (8.4.21)
T2 p 13
470 4
where Cj(t) is Fresnel integral [1, p.300 (7.3.3)].
3 1 1 ) 1
Case(21): Putc:i, A=1, B=2, a1 =7, bl:i’ bgzz, y=-7 k=2,
in equation (8.2.1), we have
. _ 1 G2’1 2 17%
S{C2(t) -p} = T 3422 | P
RS
1 0y 1
= VY = 8.4.22
V2pr Lp ( )
where Cy(t) is Fresnel integral [1, p.300 (7.3.3)].
1 3 3 1
Case(22): Putc=2, A=1, B=2, a =3, blzi, b2:§, y=——, k=2,
in equation (8.2.1), we have
. Lo oi | | L3
£{8(t) : p} 9 222 1
27
1 L1
= oF L (8.4.23)

where S;(t) is Sine integral [119, p.886 (8.230); 188, p.347].

1 3 1
Case(23): PutC:2, Azl, B:2, Cl1:§, b1:§, b2:—, y:Z_l’ k:2,in
equation (8.2.1), we have
L£{Shi(t) : p} = Lz b
{ Z()-p—2p2 2,2 p 1
29
1 511

where Shi(t) is Hyperbolic Sine integral [119, p.886 (8.221), 188, p.347].
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Case(24): Put c =2, A=q+1, B=q, a1 =ay=...=ag41 =1, by =by =

- =0b,=2, y=1, k=1, in equation (8.2.1), we have

q-1
——
) 1 i 1,22,...,2
L{Li,(t) : p} = EGMH —p 11, 1 (8.4.25)
— ———
q+1
g-1
ﬂh . . .
Here 2,2,..., 2 denotes the numerator parameter “2” is written “¢g—1" times and
1,1,...... , 1 denotes the denominator parameter “1” is written “¢g+1” times and
—_———
q+1

Li,(t) is Polylogarithm function defined by Li,(t) = Z T (where [t| < 1 and

k=1
q=2,3,4,...; when ¢ = 2 it is called Dilogarithm function);(See also 91, p.30
(1.11.14)).

3 3
Case(25): Putc=v+2, A=1, B=2, a; =1, 51257 b=v+5, y=

2
1
1 k = 2, in equation (8.2.1), we have

S p} = — it (] PR

{ l/( . p} - py+2ﬁ 3,3 p vi2 i3

)y 9 9 9

T(v+2 LAZiv+2); 1

- (?F) ol | - (8.4.26)
p ﬁ (V + 5) 29 v+ 5 p

where H, (t) is Struve function [1, p.496 (12.1.3); 184, p.217 (6.2.9.3)] and v +
2,v+3 eC\Z;.

3 3
Case(26): Put c=v+2, A=1, B=2 a =1, 51257 52:7/‘1‘57 Yy =

1
—, k=2, in equation (8.2.1), we have

4
1 3,1 2 L%?”"‘%
e{L,(t):p} = ———G> | -

{L.(t) : p} T 3,3 4 | vi2 v

’ 9 v 9

r 2 LA2;v+2); 1

_ v+2) — B ( )3- (8.4.27)
P E 2 T (v +3) 5, v+4d P

where L, (¢) is Modified Struve function [1, p.498 (12.2.1); 184, p.217 (6.2.9.5)]
and v +2,v+32 €C\Z;.
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— 3
Case(27): Put ¢ = p+2, A=1 B =2, a, =1, by = %, by =
3 1
%, y=-7 k = 2, in equation (8.2.1), we have

_ —v+3 +v+3
%]F(#_V+1>F(M+V+1)GM p21¢573&7_

L) =
S{SM, () p} p“+2ﬁ 2 2 3,3 1 u_+2 N_+3
2 0 2
T(u+2) LA(2; o+ 2); 1
R T
2 ’ 2 ’

where s, (t) is Lommel function [184, p.217 (6.2.9.1)] and &=+ &2l 49 €
C\Z, .

1 1
Case(28): Put c=1, A=0, B=3, blz§, 192:57 by=1, y=——

in equation (8.2.1), we have

L{ber(t) : p} = p—

1
== ,F ‘1* - — (8.4.29)
2

where ber(t) is Kelvin’s function [119, p.944 (8.564.1)].

3 3 1
29): Putc=3, A=0, B=3, bi==, by==, by=1,y=—=—, k=4
Case(29): Put ¢ = 3, 0, 3, by 5 by % bs=1,y 256" k=4,

in equation (8.2.1), we have

3
e {beilt) :p) = ———G33 [ '] 2
1

1 3
= oFy | VY - = (8.4.30)
T E
2
where bei(t) is Kelvin’s function [119 p.944 (8.564.2)].

Case(30): Putc=1, A=q+1, B=q, a1 =1, ag=a3=... = a1 =a, by =
bp=---=b;,=a+1, y=1, k=1, in equation (8.2.1), we have

q
1 o 1,a+1,a+1,...,a+1
L{®(t,q,a): p} = _Gg+q:q+2 —p (8.4.31)
p 1,a,a,...,a,1
——

q
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q
Here a+1,a+1....,a+1 denotes the numerator parameter “a + 17 is written “¢”

[P (1wl

times and a,a,. . .,a denotes the denominator parameter “a” is written “q¢” times;
N—_——

q
q is positive integer and ®(t, ¢, a) is Lerch’s transcendent given in the monographs

[119, p.1039; 188, p.32 (1.6)].

8.5 Laplace Transforms of Multiple Hypergeo-

metric Functions

The Laplace transforms of following Multiple hypergeometric functions are not
found in the available literature on Laplace transforms [60, 84, 93, 210, 211,
236, 237, 254, 295, 335, 338]. Making suitable adjustment of parameters and
variables in equation (8.2.1), using the cancellation property (1.4.4), applying
reduction formula (1.4.8), Legendre’s duplication formula and triplication for-
mula for the product of Gamma functions, after simplification we can find the

following results, valid under the conditions associated with the result (8.2.1).

Case(l): Putc=1, A=3, B=2,a1=a, aa=0b, a3=c¢, by=1+a—0b, by =

l+a—c y=1, k=1, in equation (8.2.1), we have

e atl 14a—b—og 4t
£ (1—t)7a3F2 2 2 —W - p
l+a—-b, 1l4+a—c; (1-1)

T(1+a—bI(1+a— 1L1+a—bl+a—c
_Tdta-blil+a dGﬁ —p (8.5.1)
p '(a)L'(0)I(c) a,b,c, 1

where 1+a—b, 1+a—c¢, a, b, ¢ € C\Z; and 3F3[] is Clausenian hypergeometric

functions.
Case(2): Putc=1, A=3, B=2, a1 =a, aa=2b—a—1, a3 =a+2—-2b, by =

3 1
b, by =a—b+ > Y= k =1, in equation (8.2.1), we have
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F(b)F(a—b+%) 4,1 4 1,b,a—b+%
= il
pD(a)T(20 —a—1DI(a+2—2b) ** a,2b—a—1,a+2—2b,1
(8.5.2)

where a, b, a—b—l—%, 2b—a—1,a+2—-2b € C\Z,.

1
Case(3): Putc=1, A=3, B=2, a1 = q, agzb—g, ag=14+a—0b, by =
2b, by =24 2a—2b, y=1, k=1, in equation (8.2.1), we have

t\ ¢ g7a_+1,a_+2; 272
c (1__) 8 I A R T (L [
4 b,a—b+%;(4_t)3

_ 9(2a) (b—%) r(b)r(a_bjL%)G&1 L 1,2b,2 + 2a — 2b (3.5.3)
m p L(a) o ab—L11+a—b1

where a, b, a—b+% e C\Z,.
Case(4): Putc=1, A=2, B=1,a1=a, ag=">b, by =2a, y=1, k=1, in
equation (8.2.1), we have

. (1_£>_b2F1 b bl ( ; )2 . :2(2a71)r(a+%)G371 L 1,2a
2 a+l vrpT() % ab,1

(8.5.4)

where a + 3, b € C\Z; and ,F;[] is Gauss ordinary hypergeometric function.

1 1
Case(5): Putc=1, A=2 B=1 a=a, aa=a+=-—-b by =b+ -, y=

2 2
1, k=2, in result (8.2.1), we have
a,b ; 4t

e (1+1)7,F :

( ) e F o%h (1+1)2 p
rh+1 2 1,b+1

_ (b+3) PN 2 (8.5.5)
@ (@ b+ DA\ "4 g byt in

272

where a—b+%,

a, b+1 € C\Z;.

1
Case(6): Put ¢ =1, A =2, B=1, a1 =2a, a2 =2b, by =a+b+ o, y=

1, k=1, in equation (8.2.1), we have

a, b I'la+b+1 lLa+b+4
£4 2k X 41—t :pyp = W gzé _p 2
a+b+§§ (a) ( )p 2a,2b, 1
(8.5.6)
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Wherea+b+%, 2a, 2b € C\Z,.

Put c =1, A=3, B=2, a1 = 2a, ap = 2b, a3 = a+b, by =

Case(7):
1
20 +2b—1, bp=a+0b+ 3 ¥= 1, k=1, in equation (8.2.1), we have
a, b ; a, b ;
L9 2F t| oF1 t
a+b—%, a+b+%;

Vil (a+b—T(a+b+1) 4 1,2a+2b—1,a+b+ 3
= 1 1 G3:4 —D
pr(a)T (a+3) TOT (b + 3) 24,2, a + b, 1
(8.5.7)

Wherea+b+—, a+b—2, a, b, a—l—%, b+% e C\Z,.

2CL a2—2b—1 a3—a+b—1 bl

=1, in equation (8.2.1), we have

Case(8): Putc=1, A=3, B=2, a; =
1
2a + 2b — 2, b2:a+b—§,y:1,k—

a, b ; a, b—1;
Q 2F1 tZFl t p
a+b—3 a+b—1;
\/_F(a+b %)F( b—%) i1 1,2a+2b—2,a+b—%
iy 1 Gya | —p
(@l (a+3)T(b—3)T() 2.2 —1,a+b—1,1
(8.5.8)
where a+b—3, a, b, a+3, b—3 € C\Z.
1 1
Case(9): Putec=1, A=3, B=2, al—a—b+§, as = b— a+§, a3 = 2, by =
1 3
a+b+§, by = é—a—b y=1, k=1, in equation (8.2.1), we have
a, ba %_avé_ )
£4 2 t| 21 t| :p
a+b+3; S—a-b ;

La+tb+3,3—a—b

RV R e Y O
pP(b—a+3)l(a—b+3)ym > a—b+ib—a+i i1

(8.5.9)

wherea+b+3, 3—a—b, b—a+3, a—b+35 € C\Z;.

Putc=1, A=3 B =2 a, = 2a, ay =

2[), a3:a+b, b1 =

Case(10):
1
2a +2b, by =a+ b+ 3 Y= 1, k=1, in equation (8.2.1), we have
2
a, b ;
£ 2F1 t - p
a+b+3;
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2yal(a+b+3)T(a+b+3) 4 1,2a+2b,a+b+ 1
= a |-
pL(@T (a+3) PO (b+3) 24,2, 0+ b, 1

(8.5.10)

where a—l—b—i—%,

a, b, a+1 b+3 €C\Z.
Case(11): Putc=1, A=2, B=1,a1=a, aa=b+c, by=d, y=1, k=1,

in equation (8.2.1), we have

I'(d) 31 Ld
S O o' (8.5.11)
pL(a)l(b+c) ab+e 1

L{F1[a;b,c;d;t 1) - p} =
where d, a, b+ c¢ € C\Z; and Fy[.] is Appell’s function of first kind [326, p.53
(1.6.4)].

a a+1 c

Case(l?): Putc:l, A:3, B:2, a1:§, GQZT, a3:b, b1: 9 b2:
1
c—|2— , y=1, k=2, in equation (8.2.1), we have
2(a=) T'(¢) 51 p? 1, A(2;¢)
L{F[a;b,b;¢;t,—t] : p} = Gys | =
(8.5.12)
where ¢, a, b € C\Z, .
1
Case(13): Put ¢ =1, A =4, B = 3, a1=g, CLQZCL;— , a3 = b, ay =
c c+1 . .
c—b, by =c, by= 27 bs = 5 Y= 1, k = 2, in equation (8.2.1), we have
2((1—6) [F(C)]Q 6.1 p2 1JC7A(2;C)
L{Fsa;b,b;c,c;t,—t] : p} = Gys | ——
VA pT(a) T(b) T(c—b) "\ 4 A(2;a),b,c—b L1
(8.5.13)

where ¢, a, b, c —b € C\Zyand Fs[.] is Appell’s function of second kind [326,
p.53 (1.6.5)].

1 A
Case(14): Put c =1, A=4, B =3, al:g’ a2:a—;— . as = —;M7 a, =
A 1 1 1
%7 by = A +p, by = )\+§, by = ;H—E, y =1, k =2, in equation (8.2.1),
we have
2()\+,u+a72) r )\+l r +l
E{Fafa; A, p; 27, 25, —t] 1 p} = 3( )T 2)><

7wz p I'(a)

ey LAtmrtgpts (8.5.14)
’ 4 A(25a), A(2; N+ p), 5,1

)9
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where a, )\+%, u+% e C\Z, .

b
Case(15): Put c =1, A =4, B =3, a1 = a, ay = b, ag—a;— , ay =
b+1 1
%7 bi=a+b, by= g, by = C—; , y=1, k=2, in equation (8.2.1), we
have
2(atb—) 2 1,a+b,A(2;c
L{Fs[a,a;b,b;c;t,—t] : p} = (c) G _r (Z;¢)
V7 p T(a)l(b) L) a b, A(2a+0), 11
(8.5.15)

where ¢, a, b € C\Z, and F3].] is Appell’s function of third kind [326, p.53
(1.6.6)].

d
Case(16): Put c =1, A =4, B =3, a1 = a, ay = b, (Igzc—; , ay =
d—1

C—{—T, by=c, by=d, b3=c+d—1, y=4, k=1, in equation (8.2.1), we
have

2(c+d=2) P(c)I'(d Lede+d—1
S{Fifabied;tf]cp) = W [P

vV p I'(a)l'(b) b, A2ic+d—1),1

(8.5.16)
where ¢, d, a, b € C\Zyand Fy|.] is Appell’s function of fourth kind [326, p.53
(1.6.7)].

1 b
Case(17): Put ¢ =1, A =4, B = 3, alzg, as = a—;— ) 3 = 5, Gy =
b+1 1
;L by =c, by = g, bs = c—|2— , y=—4, k=2, in equation (8.2.1), we have
9(a+b—c=1) [ ()1° 2 1,¢,A(2;¢
S{Fufo b it~ p) = LOF gon |2 2
7 p I'(a) T'(b) S\ 16 A(2;a), A(2;0), % 55 1

(8.5.17)
where ¢, a, b € C\Z, .

Case(18): Put¢c=1, A=1, B=1, ay=a, by =b, y =1, k=1, in equation
(8.2.1), we have

b—a 3 F(b) 21 17 b
£l e Py —tl:pp = Gys | —p
b pL(a) 2 a,l
(8.5.18)
1 a, 1; 1
— _F s
21 "
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where a, b € C\Zyand ;F}].] is Kummer’s confluent hypergeometric function.

Case(19): Putc=1, A=1, B=1, a1 =a, by =2a, y =2, k=1, in equation
(8.2.1), we have

R 22a-1) 7 (g 4 1 1,2a
g e F “lipy = ( 2)G§;; L
a+3; 4 pVT 2| a1
(8.5.19)
1 a, 1; 2
=—oF -
2a ; P
where a + 1 € C\Zj.
b
Case(20): Putc=1, A=2 B=3, a1=a, aa=b—a, by =b, bgzé, by =
b+1 1
%, y=7 k = 2, in equation (8.2.1), we have
a; a; T @)’ s o LOARD)
£ 1F1 t 1F1 —1 - p = G7 —p
b b 20-1) p I'(a)T(b—a) ** a,b—a,11
1 a’ab_aalvl; 1
= = 4F; U= (8.5.20)
p b, A(Z0) ;P
where a, b, b—a € C\Z,.
b—1 b
Case(21): Put ¢ =1, A =3, B =8, alz%, ag = a—?)k , ag =
a+b+1 a b a+1 b+1
— b = by = b, by = =, by = =, by = bg = ——, by =
3 17 1 a, b2 ) 237 27 4 27 5 9 » U6 9 s U
ato=’ by = ot LY = — k = 2, in equation (8.2.1), we have

9 y U8 — 9 aa

: - 3(-2) [D(a)* [T (B))
VRV o .t oFs . —t|:pp = p 2(20+2b-3) X

16p? | 1,a,b0,A(2;a), A(2;0), A(2;a +b— 1)
27 A(Bja+b—1),%,1

’ 9

5,1
><Gg,5

1 A(3ia+b—1), 127

1
5 Fy > -— (8.5.21)
p a,b,A(2;0), A(2:b),A(Za+b—1); 10P

where a, b € C\Z.
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b b+ 1
Case(22): Put ¢ =1, A =2, B = 3, alza;,@:%, by =

1 1 1
a+ 27 by =b+ 2 bs=a+b, y= 7 k =2, in equation (8.2.1), we have

; b : (a+b-1) 1 1
£4q1H “ t| 1) ’ —tl:pp = 2 1—‘(a—i_Q)F(b—i_2)><
2a ; 20 ; TP

La+3,b+3,a+b

xGyy | —p°
A(2;a+1b),1,1
1 A(2;a+0b), L 1; 1
==, ( )2 — (8.5.22)
p a+3,b+3,a+0b; P

where a + 3, b+ 1 € C\Zj.
1 1
Case(23): Putc=1, A=2, B=1T, a1:3b—Z, as = 3b+ —, by = 6b, by =
1 2 1 1 64
26, b3:2b+—, b4:2b—|—§, b5:4b—§, b6:4b, b7:4b+—, Yy =

3 3 729’
in equation (8.2.1), we have

k=3,

— — 2(18-3) [T (60))°

’8 OFl ! t OFI wt OFI W2t ) — - %
60 ; 60 ; 6b ; 3(180-3) P
oo [ 2?16, A(3;6b), A(3;12b — 1)
8,5
64 A(2;6b - 3), A(3; 1)
1 A26b—3),  AB1); 64
= sl ’ 5 (8.5.23)
p 6b, A(3;6b), A(3;12b — 1); 27D

271

where w is the cube root of unity (w =e% ) and 6b € C\Z, .

1 1
Case(24): Pute =1, A=0, B=3,b = a by = 5, by = a; = k=2
in equation (8.2.1), we have
£ 0F1 t QFl —1 a— 4,2
a; a; p 2t i1

1 5 11

= — oy | ° - = (8.5.24)
a,A(2;a); P

where a € C\Z, .

140



b b—1
Case(25): Putc=1, A=2, B=3, a1 = a—2|— , @z%, by = a, by =
b, bsy=a+b—1, y=4, k=1, in equation (8.2.1), we have

- 202 P()(B) 4, [ p| Laba+b—1

2 0F1 _,t OFI t jp = 473 -
a; b VT p 4 A2;a+b—1),1
1 A2;a+b—1),1; 4
== ;[ ( ) - (8.5.25)
p a, b, a+b—-1;7P

where a, b € C\Z, .

1 1
Case(26): Putc=1, A=1, B=2, a; = a, b1:a+§, by = 2a, y= k=2

in equation (8.2.1), we have

2

a ; I'(a+32 ? 92a-1) lL,a+ %, 2a
e (1F (] epp - L) G| -1t T
2a ; T (p—=1) a 3,1
1 a, 3, 15 1
= s Fy (8.5.26)
(p—1) 2a,a+1; (P—1)°

where a + 3 € C\Zy and R(p) > 1.

From case 1 to case 25 the condition of validity is R(p) > 0.
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I hope that the investigations carried over in the present thesis on multiple hy-
pergeometric functions are of some interest and will provide insight into the
structure of special functions in general and hypergeometric functions in partic-
ular and would motivate further research. It has been our aim to derive new
results and to show that there is a fruitful interaction and connection between
the hypergeometric functions of different types and phenomena nature. At the
same time, we demonstrate that multiple hypergeometric series possesses a spe-
cial character and has particular applications, which clearly makes it not merely
a subtopic of curious generalization (in the study of hypergeometric functions),

but a field in itself.
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